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Sl Mongſt the various Uſes of the Mathe- 
IA matics, their rendring the Under- 
ſtanding more ſuſceptible of other Ki- 
ences, is certainly the moſt excellent. 
And this it does in a twofold man- 
ner : Firſt, in accuſtoming the Miud 


For he that, whilſt he applies himſelf to the Mathe- 
matics, neglects every thing elſe, does not properly 
learn a Mathematic Method, but only makes himſelf 
readier at reaſoning about Quantities. 


The firſt of theſe Uſes is beſt promoted by the Study 
of 9 if we follow the 1 Method 
of Demonſtrating ; for it is not learning a great 
deal in a little time, but learning a little well, that 
ought to be regarded: fince in acquiring a Paculty of 
reaſoning well, we ought not to conſider the number of 
Propoſitions, ſo much as the Method they are deliuer d 


in; and this is what latter Geometers have not ſuſ- 
ficiently attended to. 
; The 


1 NE. 

The ſecond Uſe ue have mentioned, is by , ci 
ſervedly referred to Algebra, which gives Rules and 
Examples for the diſcovery of Truth : wherejore the 
Study of this Science ought to be join'd to the Study of 
Geometry, 

And he that would compleat himſelf in the Art of 
"> "a Juſtly, ſhould join to both, the Study of 

A 

If to this Uſe of Algebra, we add the Neceſſity of 
it in all parts of the Mathematics, but eſpecially in 
Phyfics, which none can attempt without the Ele- 
ments of Geometry and Algebra ; we need ſay no more 
in the praiſe of it, 

The Elements that 1 here deliver, were firft intend- 
ed for private uſe; and I have therefore been as 
brief as poſſible. „ 

J do not here treat of Problems of more than two 
Dimenſions, my chief intent being to explain as much 
as poſſible, the nature of Problems, which the greateſt 
part of the Writers of Algebra neglect, who are of- 
ten defective too in deducing the Reaſons of the Opera- 
tions from the general Rules. 

For this cauſe I have added many Obſervations 
relating to the Solution of Problems; and have treat- 
ed amply of Problems of two Dimenſions. 

I muſt have ſaid much more if I had treated of 
Problems of three and four Dimenſions. Many have 
treated if the Nature of Equations; but the Nature 
of thoſe Prublems that produce theſe Equations, has 
been too much negletted. It is nevertheleſs a Matter 
wortky a Mathe maticiau, and which will, when ex- 
plain d, free young Beginners from many Difficulties. 

As to the two little Treatiſes added to theſe Ele- 
ments, ſee their reſpeFive Prefaces. 


THE 


5 ee 
2 p * | » N 5 > N 5 5 
** 1 * . *. 

. 2 6 

. 2 7 2 
ä 


THE 


ELE MENTS 


OF 


Univerſal Mathematics. 


CHAP. I. 


07 Quantity in general, and the Intention 
of Algebra. 


— HE general Object of the Ma- 
l themartics is Quantity. 

1. Every thing that can be in- 
creaſed or diminiſhed, we ſay has 
Quantity : as Extenſion, Time, Mo- 
tion, Velocity, Gc. 

In different Parts of the Mathematics, diffe- 
rent ſorts of Quantity are examin'd ; but I ſhall 
here treat of Quantity conſider'd in general, and 
briefly expound the Rules by which : T ruth is diſ- 
B cover'd, 
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 cover'd, when Quantities of any kind whatever 
are treated of. 
Thoſe things which are demonſtrated concern- 
ing Quantity in general, may be applied to any 
peculiar Quantity. And we attain the Truth by 
the ſame method in any Parts of the Mathema- 
tics. | 
2. All Reaſoning concerning Quantity may be re- 
ferred to its Meaſure. 
3. The Meaſure of any Quantity is the comparing 
it with another of the ſame kind. A Line is ſaid to 
be of {ix feet, if being compar'd with a Line of 
one foot, it contains it fix times. 
Quantities of the ſame kind only admit of Com- 
pariton ; a Line with a Line, a Superficies with 
a Superficies, and Time may be compared with 
Time: Bur no Time can ever be ſaid to be equal 
to any Line whatſoever. = 
4. When we compare one Quantity with ano- 
ther, we often regard the Exceſs of one above 
the other ; that is, we fee the greater to be equi- 
valent to the Sum of the leſſer with ſome other: 
and this we may apply to many Quantities, the 
Compariſon ſill repeated. To this way of com- 
paring may be referred that Operation of Arith- 
metic, Which we call Appirion. 
5. Oftentimes only changing the Conſideration, 
we regard the Defect by which one Quantity 
falls ſhort of another. This determining the rod 
ference of two Quantitys is call'd SugrRAcrION. 
6. A Quantity which is form'd by the repeat- 
ed Addition of the ſame Quantity, is ſaid to be 
form'd by MuLTipLicarion. 
7. The contrary Operation, by which we de- 
termine how often one Quantity is contain'd in 
another, is call'd Divisiox. 


8 No 
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3. No Compariſon of Quantitys can be conceiv d, 
which may not be referred to one of theſe four Opera- 
trons, For as to the Extraction of Roots, it 
will be ſhown in its proper time, that it ought to 
be referred to Diviſion, 

9. By theſe four Operations every Truth, that 
relates to Quantities, is inveſtigated 

I will now relate what I intend to explain in 
theſe Elements, and in what Order. 

In the firſt place I will briefly ſhow how 
Quantity may be ſo generally expreſſed, that the 
Expreſſion may be applied to any particular 
Quantity. TT 
Afterwards I will explain how the Operations 
relating to Quantities ſo expreſſed, are perform'd. 
But as new Expreſſions way ariſe from theſe 
Operations, I will demonſtrate by what method 
theſe new Expreſſions are to be managed. 

Laſtly, I will tell by what Art and in what 
Order theſe Operations are to be directed in the 
diſcovery of Truth. 

10. This Art is called AL ORBRA, as alſo ANA- 
LrsIs, and by ſome UNIVERSAL MATHEMATICS. 

The Scope of this Art appears from what has 
been ſaid to be the Solution of Problems. 

11. Mathematicians call every Propoſition a 
Problem, which requires any thing to be done. 
But that a Problem may be ſolvd, that which 
is deſir d is firſt to be perform d; and then it is 
to be demonſtrated that the Solution ſatisfies the 
Conditions ſought. 
In Analytic Solutions the Operations by which 
they are attain d, put it out of doubt that the So- 
lutions ſo diſcover d are true. 


YT CHAP, 
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oe ob be is he ee he he he ee hy 
CHAP. II. 


Of the Expreſſions of 3 and the 
Operations about ſimple Quantities. 


12. Athematicians have always thought it 
very commodious to Key Quantities by 
Letters in Algebraic Operations. 5 9 55 
Who does not ſee that the ſingle Letters a, b, 
c, &c. may expreſs any particular Quantity what- 
ſoever, either known or unknown? And that 
the unknown are fubject to the ſame Operations 
which take place in known Quantities. _ 
13. But that known Quantities may be more 
eaſily diſtinguiſh'd from unknown, theſe are de- 
noted by the laſt Letters z, , x, u; whillt the 
firſt, as a, b, c, ſerve to deſign known Quan 
titys. 


Of Apyirion. 


14. The Sum of ſeveral Quantities is expreſſed by 
Joining the Letters that denote each fingle Quantity 
with this Sign +, which fignifies PLUS, or more. So 
a + b, is a plus , and is equivalent to the Sum 
of the Quantitys a and 6. 


EXAMPLE. 
, 4 
”” d 2d 
a b F 22 
a a 8 . 


2 24 Tb d+f+g 5d+38 7 
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Or SunBrTRACTION. 


15. This Sign — ſhews the Quantity to be 
taken from another, and ſignifies MIN US, or 
leſs. a—b is a minus b, that is, it expreſſes the 
Difference of the Quantities a and b. 


EXAMPLES, 
34 a 3a 
24 6 1 2b 
a 4— 5 34 —125 


Or MuLTIPLICATION. 


Miultiplication is a Repetition of the ſame 
Quantity or of its Part (6), ſo that the Number 
ot Repetitions are to be expreſſed, and theſe are 
always expreſſed by Numbers. 
16. Every Multiplication therefore is perform'd by 
Number, and to multiply Quantity by Quantity is ab- 
ſurd. 1 5 
17. But Quantity, if compared with another 
which is accounted for Unity, may be deſign'd by 
a Number, and be itſelf accounted for a Number, 
notwithſtanding it is expreſſed by a Letter ; which is 
always done when one Quantity is multiplied by 
another, to avid Abſurdity : neither is the De- 
termination of Unity in this caſe neceſſary. 

18. The Sign of Multiplication is this x, or a fim- 
ple joining of the Letters, When ais to be multi- 
| plied by J, we write ax b, or ab. | 
19. This (ab) is called the PRopuct of the 
Multiplication. | 

20. Which ſame Product may be expreſſed by 
ba ; for the Order of the Letters is not regarded 
in Multiplication. 
| B 3 If 
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If 3a is to be multiplied by h, the Product is 
3a b; but if 3a is to be multiplied by 26, it is 
evident the former Product muſt be doubled, 
and is 6a b. Therefore, 

21. When the Quaitities are multiplied by Numbers, 
let theſe Numbers be multiplied ſeparately. 

22. Tae Product of à by a is aa, which is al- 
ſo thus expreſs 'd a. 

If aa or a* is multiplied by a, the Product is 
aaa or a*. 

23. For this reaſ\n, when a Quantity is multi- 
plied by a Number, that all Confuſion may be avoid- 
ed, let that Number be written before the Letter, 
If b is multiplied by 6, that is, if it ought to be 
taken ſix times; I write it 66 not b6 left this 
Expreylion be confounded with b*, which ſigni- 
fies bbbbbb. 

24. The Product of a by a, or aa, is called 
THE SQUARE or SECOND Pow ER of the Quantity 
a; and a is the ſquare Roor of aa. 

25. The Cube of the Quantity a is a. or aaa, 
it is alſo called the THIRD Powter; and @ is the 
Cube Root of 45. 

26. The Fourth Powe of the Quantity a, 
is a*, which is alſo called the Squared Squares. 
Tur Firry PowEtr is 4“, and fo of the reſt. 

27. The Number annex d to a, is called the IxDEx 
e its Power, 

28. The Quantity which is to be multiplied by ano- 
ther, is called the Mul ripIICAND. 

29. The MuLTipLicatoR is that Quantity by 
which the Multiplication is ferform'd. 

30. That Quantity is called the PRopuct of the 
Multiplication, which ariſes from it, as has been ob- 

ſerv d in n. 19. 


Ex Au- 
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Exioivins oe MULTIPLICATION. 
ff 347 
b ab ab sd 44, 


ab al, a*b* 180d 124 f. 


— — 


Ox DIVISION. 


31. Divifion reſolves what was compounded by 
Multiplication, determining how often ona Quan- 
tity is contain'd in another. 

32. The Quantity which is to be divided, is cal- 
led Taz DivipExp. 5 
33. The Divisok is the Quantity by which the 
Diviſion is perform d. os 

34. The Quorient is the Quantity which ex- 
preſſes how often the Diviſor is contained in the Di- 
_ wvidend. „„ . 

35. It is ſufficiently manifeſt that the Product ari- 
fing from the Diviſor multiplied into the Quotient, 
is equal, or the ſame with the Dividend. 

36. Whence we diſcover this Rule for Divi- 
fion. From the Dividend blot out the Diviſor, and 
the remainder is the Quotient: If ab is to be divided 
by a, blotting out a, there will remain , which 
is the Quotient; for this Quotient & multiplied 
by the Diviſor a, produces in the Product the Di- 
vidend ab. f 5 

37. If there are Numbers to the Letters, it is evi- 
dent they ought to be ſeparately divided (31. 35.) 


EXAMPILES of DIVISs IO x. 


Divid. ab 


8 þ Quor.* 7 44.5 27 


abd & 35 
B 4 38. When 
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38. When Diviſion cannot be performed by thi 
method, as if ab 1s to be divided by f, the Dividend 
is to be written —__ the Line, aud the Diviſor 


under the ſame; fo —=— 7 —— expreſſes the Quotient of 


this Diviſion. 
39. The anew in this laſt caſe is calbd a 


FRACTION. 
40. The Dividend (as ab) is called the Nouut- 
= RATOR of the Fraction. 
41. Aud the Diviſor ( ) is the DrxomixatoR 
of the Fraction. | 


PPP 
CHAP, It 
Of Operations about compound Quantities. 


42. A Quantity is ſaid to be compound, when 
it conſiſts of various imple ones join d 


with the Signs + or —. 
Or AppiTtioN. 


43. It is to be obſery'd that a Quantity writ- 
ten without any Sign, is underſtood to have the 
Sign ＋ annex'd ; and it is evident that Addition 
is per ſorm'd by joining the Quantities to be added, 
preſerving th eir Signs. 


| EXAMPLES. 
a -b 2a—f 2a+Þg—d 


dj 42—7 2 
4 A 


a+b+d+f 3—f1Ä 
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Or SuBTRACTION. 


44. Subtraction is the contrary to Addition; 
therefore the Quantity to be ſubtrafted muſt have all 
its Signs chang'd, and then be added to the other. 


EXAMPLES. 


a 2a+b 344-28 
+ 2£ÞoÞ a—b agatg=d 


| — — — — 


aÞHb——d az“ f—-;g—a+d 


Or MvurripLiCarTtion. 


45. It will be evident, if attentively conſider'd, 
that each Quantity of the Multiplicand ought to be 
multiplied ſeparately by each of the Quantities in the 
Multi plicator. 

46. In each of theſe particular Multiplications 
it is to be obſerv'd, if the Signs of the Multipli- 
cand and Multiplicator are fimilar (or the ſame) the 
e. will be Affirmative, but Negative if they are 
different. | 

47. This Rule may be deduc'd from the 
Examination of all the particular Caſes, which it 
is plain can be but four, for every Multiplica- 
tion is perform'd by a Number 16) : Therefore, 
1. An affirmative or poſitive Quantity may be 
multiplied by an affirmative Number. 2. An 
affirmative Quantity by a negative Number. 3. 
A negative Quantity by an affirmative Number. 
4. Laſtly, a negative Quantity by a negative 
Number. 
In the firſt Caſe, who can deny the Product 
to be affirmative ? 


In 
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In the ſecond Caſe, it is negative; for to mul- 
tiply *:+ © Wepative is to take away, ſince to mul- 
tipiy by un Affirme :ive is to add. 


Ia the third Caſe, there is a negative Quan- 


tity which is taken certain times, and therefore 
remain: negative. . 

The fourth Caſe is contrary to the third, 
therefore the Product muſt have a contrary Sign, 
or muſt be affirmative. There is taken away 
in is Caſe a negative Quantity, by which the 
Negation vaniſhes. So to take away a Debt is 
to pay it. 


EX AMP L E I. 


a+b 
d+f ” 
ad + bd Þ af + bf 
ExaMPLE II. 
3a T 2f—g—m 
24 ＋E g — 
6 . + gaf — 2a9—2am + 28 f—gg—gm— n- m* 
Zag—3am_ 4m . 
6aa + gaf + ag — 5am 2gf—gg —2fm + m? 
48. We have ſaid (18), that .be e wag 


may be expreſs'd by this Sign x; this often hap- 
pens in compound Quantities, in which caſe 


Lines are drawn above the Quantities to be 
multiplied, which ſeparate them from the reſt, 


thus a + bxf+ g—gf, ſignifies gf is to be ſub- 
trated from the Product of the Quantities a 
multiplied by f + g. 


49. What 
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49. What has been faid of the Method of 
expreſſing the Powers of ſimple Quantities (21 „5 
may alſo be applied to compound Quantities, 


if a Line is drawn above them, as a + b* ſigni- 
fies the Cube of the Root a + 6. 


Or Division. 


50. A compound Quantity is ſaid to be diſpoſed or 
order d according to the Dimenſions of a given Let- 
ter, when in the firſt place there is put a fimple 
Quantity, which contains the higheſt Power of the 
given Letter, and the Powers ſucceſſively decreafing 
are diſpoſed in the places following ; 


ab + fgb* + a*b + a*. 

'This Quantity is order'd according to the Di- 
menſions of the Letter hb, 

51. In this caſe ab? is the firſt Term, and the 
decreaſing Powers of b determine the followin 
Terms: the number of Terms always exceeds 
by Unity, the Index of the higheſt Power ; and 
this Quantity contains four Terms. - 

52. Oft-times ſome Terms are wanting, whoſe 
places muſt then be left void. In the foremen- 
tioned Quantity, had it been ordered accordin 
to the Letter a, the third Term would have 


been wanting, 
a*+ bu * 5a fee. 
5 3- Sometimes particular Terms conſiſt of com- 
pound Quantities, as in this Quantity. 
ef + je) ＋ Bee * —f I 
—Fe* —hmst 
The ſecond Term is fe*—ge?, and the fifth is 
fI'—hms, 
54. In theſe caſes we call that the firſt Quan- 


tity of the Term that is yppermoſt, but they m 
be placed at pleaſure. - "The 2 
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Theſe things firſt remark d, Diviſion is to be 
perform'd by the following Rules. 

55. 1. The Dividend and Diviſor are to be ordered 
according to the Dimenſions of the ſame Letter, 
2. Let the firſt Quantity of the firſt Term of the 
Dividend, be divided by the firſt Quantity of the 
firſt Term of the Diviſor, and note the Quotient. 

3. Let the whole Diviſor be multiplied by the whole 
Quotient, and let the Product be ſubtracted from the 
Dividend, © 
4. The Diviſſon will proceed by repeating theſe 
Operations, and the Sum of the particular Quotients 
will give the Quotient ſought. TO. 

F. In the particular Diviſions it is to be ol ſerv'd, 
that fimilar Signs of the Dividend and Diviſor give 
an affirmative Quotient, and different Signs give a 
| Negative. ” | 

If (the Diviſion being ended) we attend to the 
Operations, it will be evident that the Quotient 
ariſing by theſe means is a true one, from 
Theor. n. 35. | 


„ Cab + dc | a TA Divis. 
N 1 + IIe Quoc. 
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ExAM IL B II. 


| Divid 4 -- 44 ＋ ab! F 


— a4 — la 5 4 aa ＋ bb. Quot. 
; Ta 
— bba—b*, 
e 


Ex AML B III. 
Dc * ngy | a—} Divis. 


— a*+bag+b*aÞ0 


— 


— - M -- 
| ＋ ba = —3* 
lara 


| ＋b a? —37 
n 
| ＋ 5 a—b9 
—b a+b*. 


—— 


— 


6 | 


56. When theſe Operations cannot be produced 
farther, and yet ſome Quantities are left in the 
Dividend, then the Diviſion cannot be exactly 
perform d; and thoſe Quantities left are called 
the RrMAIN DER of the Diviſion. 5 

57. In theſe caſes the whole Quotient may 
be deſign'd by a Fraction, or a Fraction form'd 
out of the Remainder may be added to the Quo- 
tient found before. | _ 
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If aa + 2ab + 200 is to be divided by a+6, 


B 265 bb 
the Quotient will ber] 2422 


Of the Ex rRAcTIONHFROOTsõV. 


J 58. The Inveſtigation of the Roots of any given 
Powers, is called the Extraction of Roots, and 
is a peculiar Species of Diviſion, in which both 
the Diviſor and Quotient are ſought together, 
their relation being given. 5 

59. When the 1 is only of ſimple Quan- 
tities, the Root, if it can be extracted, is diſco- 
vered without difficulty; a“ has the ſquare 
Root a ; a* has its Root aa; and ab is the ſquare 
Root of aabb. N 5 5 

In the ſame manner it is evident that a? 

has a cubic Root a, and a* b* the Root ab. 
I will explain what relates to the Square and 
Cubic Roots of compound Quantities, from 
whence the Extraction of the Roots of the reſt 
of the Powers will be eaſily deduc'd. 

In the Extraction of ſquare Roots, it is to be 
 obſerv'd, that in every Square of a compound 
Quantity, there is given the Squares of the par- 
ticular Quantities of which the Root conſiſts, 
from which Obſervation we deduce the Method 


of diſcovering the Root to be tried. 


Ex AMP L E I. 


Let there be ſought the ſquare Root of the 
Quantity aa + 2ab + bh. | 

This Quantity contains two particular Squares 

aa and bb. I extract the Roots of thele a and 6, 


which I collect into one Sum, and I have a E b 
or 
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for the Root to be tried, whoſe Square is the 
Quantity propos d. | 988 

60. When the Square of the Root diſcover'd, 


differs from the Quantity propos d, the Root of 
it cannot be extracted. a, 


Ex AMP L BE II. 
4a 4 4b ＋ 66. „ 
The Root to be tried is again a + b, whoſe 
Square aa + 2ab + bb differs fron the Quantity 


propos d, and therefore the Root of it cannot 
be extracted. 5 


61. How the Signs of the radical Quantities 
are determin'd when all the Signs of the Quan- 


tities in the Square propos'd are not affirmative, 
will be explain'd in the following Example. 


EXAMuP L E III. 


aa + 2ab — 2bc + bb + cc — 2ac. 
I extract the Roots of the three Squares aa, 
bb, cc, which are a, b, c, and as every Square is 


affirmative (46), the Signs as yet are unknown; 
but the affirmative Product 2ab, ſhews that the 


Signs of the Quantities a and ô are ſimilar (46); 
and — 2bc ſhews that the Signs of b and c are 
different: The Root to be tried is therefore a4b 
c, or c — a , the Square of either of which 
is the Quantity propos d. 


62. A Square is often to be ſupplied as in the 
following Example. : 


Ex ago It 


a* — 24 U — aabb + 24 4 48, 
This Quantity contains only two Squares a* 
and “%, whoſe Roots do not ſuffice; but 1 ſee that 


a 
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a Square may have been taken away by a Quan- 
tity with a contrary Sign ; for there is given 
— aabb, which Quantity would be a Square if it 


was affirmative. I add therefore to the Quan- 


tity propos'd + aabb — aabb, by which the Value 
of the Quantity is not chang'd. It then becomes 


a*—2a* b—2aabb+aabb+ 2ab* +b*, whoſe Root 


to be tried is aa —ab — bb, or bb + ab—aa; the 
Square of either of which is the Quantity pro- 
pos d. | 

EX AMP ILE V. 


a* + 245 + 3aath + 2b + b4, 


This contains only two Squares, whoſe Roots 
do not ſuffice, but 3aabb may be expreſſed 
z aabb + aabb; in which caſe there is given a third 
Square aabb, and the Root to be tried is aa + ab 
+#b, which is the true one. 

63. Cubic Roots are inveſtigated by a like 
Method; for from the formation of a Cube, it 
is certain that there is given in the Cube of a 
compound Quantity, the Cubes of the particular 
Quantities that are contained in the Root. 

But as to the Signs, theſe are more eaſily diſ- 
cover d here, becauſe a Cube is always affect- 
ed with the ſame Sign as its Root, which 
holds true in every Power whoſe Index is an 
odd number. 


ExaMPLE. 


4 —3a 5 + 3abb — . 
The Root to be tried is 4 — b, whoſe Cube 

is the Quantity propos c. 
64. When the Root cannot be extracted it is 


denoted by a particular Sign. ab ſignifies the 
ſquare 


re” 3 * Lat . 2 . * 2 3 LOI 
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ſquare Root of the Quantity ab ; a + bb bb is 
che ſquare Root of aa ＋ bb. 


| 'The Sign of the cubic Root is 5 of the Root 


Of the fourth Power v; and ſo of the reſt. 


65. The Roots expreſſed by "_ Signs are called 
Jurd Nun 


a S 8 ALE  E 888 88 25 


SHA f. IV. 
Of Fractions. 


66. VHS general Theorem is firſt to be laid 
don, That the Quotient of the Divifion - 
is not changed, if the Dividend and Diviſ.r are both 
multiplied or dtvided by the ſame Number. 
ab may repreſent any Dividend whatſoever, 
and a any Diviſor, then the Quotient will be b; 
if ab and a are each multiplied by d, then abd 
divided by ad, the Qnotient is alſo b. The De- 
monſtration is the ſame with reſpect to Diviſion. 
67. In every Fraction the Numerator is the 
Dividend, the Denominator is the Diviſor, and 
the Fraction is the Quotient, (38, & ſeo.) there- 
fore if the Numerator and Denominator are each mul- 
tiplied or divided by the ſame Quantity, the Traction 
is not changed (660 
a 68. A Quantity is not changed if multiplied 
| by Unity, and therefore neither is it, if divided 
| by Unity (31); conſequently, 
69. We may change a whole Quantity into a Frac- 


tion, if whilſt the Quantity it ſelf is place for the 
Namerator, it has Unity for a Denominator. 


Pore ener ONT D eee 


EE i ht io en” 


C a+d 


Plate 1. 
Fig. 1. 


tities may be found. 
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41 is the ſame with _- : 


70. A Whole Quantity is reduced into a Praftion 
whoſe Denominator is given, if the Numerator and 


Denominator of the Fraction diſcover 'd by the 
foregoing Rule, are each multiplied by the given 


Denominator (67). So a +6 is reduced to a 


Fraction whoſe Denominator is d, if we change 


a + ad + bd 


the Fraction 1 —, 
5 4 


71. Which Rule may be applied to Unity its 
ſelf; and + is equivalent to Unity, as is alſo 


4 d aa 7 bb 
Fans ＋ bb 


A Fraction may be reduced to another more 
ſimple, if the Numerator and Denominator have 
a common Diviſor (67). And by how much 
greater this Diviſor is, by ſo much will the 


Fraction, when reduced, be the ſimpler. 


72. A Fraftion is reduced to the fimpleſt poſſible, 
if the Numerator and Denominator are divided by 
their greateſt common Diviſor. | 

I will for this purpoſe lay down a Method by 
which the ee! common Diviſor of two Quan- 


Or FIN DING ThE Common Div 1sOR. 


73. Let AB and CD be given Lines, whoſe 
greateſt common Meaſure is ſought. 

If the leſs exactly meaſures the greater, then 
will the leſſer CD be the Meaſure ſought. 

But if after the leſſer has been taken from the 
greater as often as poſſible, there is ſtill a Re- 
mainder, as EB; it is evident that the Meaſure 
ſought that meaſures CD, will alſo meaſure it, 


how 


f 
4 
F 
[A 


: 
ö 
f 
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how often ſoever repeated : that is, it will mea- 
ſure AE; but it ought alſo to meaſure AB, 
therefore E B likewiſe. 55 N 
We are therefore to ſeek the greateſt common 
Meaſure of the Remainder EB, and the leſſer 
CD. 89 
If the Remainder EB exactly meaſures CD, 
EB will be the Meaſure ſought. If it does not 
meaſure it, let it be taken from C D as often as 
it can, then by a Demonſtration ſimilar to the 
precedent, it will be found that we muſt ſeek 
the common Meaſure of this laſt Remainder, and 
the precedent one EB; and the Operation is in 


the ſame manner to be continued, till the laſt 


Remainder exactly meaſures the precedent Re- 
mainder. And from hence we deduce this Rule: 
7 Two Quantities being given, whoſe greateſt 


common Meaſure is ſought ; divide the greater by the 


leſſer, rejecting the Quotient; divide the leſſer by the 
Remainder, and continue the Operation, always re- 


jecting the Quotients, and dividing the Diviſor of the 
laſt Divificn by the Remainder of the ſame till you 


come to a Diufon without a Remainder, the Diviſor 
of this Divifion is the Quantity ſought. 
This Rule is ſufficient whilſt Numbers only 


are conſider d, and brings to Unity, if they have 


no other common Meaſure. 
If the Quantities propos d are Algebraic, there 
are theſe two things beſides to be obſerv'd in 


each Diviſion. 


75. Try whether the whole Diviſor can be divided 
by any Quantity either fimple or compound, by which 


the firſt Term of this Diviſor may be divided. 


76. If the firſt Term of the Diviſor does not ex- 
actij divide the firft Term cf the Dividend, the whole 


' Dividend is to be multiplied by a Quantity which 
gives this Divifion exaitly. This Quantity will ve 
| e 


diſco- 
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diſcover'd by a ſimple Conſideration of the Quan: 
tities, with a ſmall Attention. 


EXAMPLE I. 


Let there be ſought the greateſt common Di- 
viſor of theſe two Quantities, each of which I 
have order'd according to the Dimenſions of the 


Letter a. 
a3 * + d d 
— bba — bdd 
— dda 
An: --: 
a* + daa— bba — bbd. 


iſ DIVISION. 
I divide the firſt by the ſecond, and the Quo- 
tient is 1, which I neglect; the Remainder is 
e daa + bda + 2bbd 
— dda — bad, 
which I divide by d ( 75), and I have 


_aa+ba+2bb 
— da — bd. 


2d DIVISION. 

By this Quantity 1 divide the firſt Diviſor, 
1291 the Quotient —a, and there remains 
baa | bba —bbd 

— baa, 
which divided by b ( 7505 produces 
a4 ＋ ba — 1d 


Lada. 


3d DIVISION. 


By this laſt Remainder I divide the Diviſor of 


the laſt Diviſion, the Quotient is —1, and the 
Remainder is 2ba 
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2ba + 2bb 
—2da— 25d. | 
Which Quantity I divide by 256 — 24, and 
a + b the Quotient is the Diviſor of the fourth 
' Diviſion (75). 
4th DIVISION. 
By a + bI divide the Diviſor of the third Di- 


viſion, and there is no Remainder ; therefore 
4a ＋ 6 is the greateſt common Diviſor ſought. 


ExamerLs II. 


There are Quantities given, order'd according 
to the Dimenſions of the Letter a. 


aaff T ahds — dagg 
aafh. TT 


aahh + afdg — ddeo 
aafh. 


'The "greateſt common Diviſor of theſe is 
ſought. 


And 


it Divisrox. 


T divide the firſt Term of the firſt Quantity 
by the firſt Term of the ſecond, the Quotient is 
551 multiply therefore the firſt Quantity by h, 
to take away the Fraction (76), and then the 
Quotient is F; the Remainder is 
ahhdg — ddggh 
La, + daggf 
The whole Quantity being divided by dg, 
chere is produced | 
| ahh — dgh 
— aff + def 
C 3 Both 
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Both whoſe Terms may be divided by þ -, 
ſo that it is reduced to thus 


ah + af 2 dg. | [4 

Which exactly divides the Diviſor of the firſt 
Diviſion, and is the common Diviſor ſought. 

77. It is to be obſerv'd, that ſometimes the 
common Diviſor thus diſcovet*d is not the great- 
eft ; which, when it happens, and how in fuch a 
caſe to find the greateſt, I will ſhow by an Ex- 
ample. 


ExauPers III. 


There are Quantities given, order'd accor- 
ding to the Dimenſions of the Letter a, 

adc — dbc 

af c — fle 
add —bdd 
h adf —fbd 

And 

agc — bye 

aged — bod 

alc — bk 

ald — bla 


The greateſt common Diviſor of theſe is 
Tought. | 
I ought to divide the firſt Quantity by the ſe- 

cond (74). | 
But this Diviſor may be reduced (75), becauſe 
both Terms are diviſible by gc+gd+E+14, and 
the Quotient is a — b. which the Diviſion of 
the firſt Quantity proceeds without a Remain- 
der; yet a—b is not the greateſt common Di- 
8 | 
78. Fi. the greateſt common Diviſor is never 
found, when in any Divifion the Quantity by which 
e we 
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we reduce the Diviſor, is alſo the Diviſor of the Divi- 
dend, or has a common Diviſor with the Dividend; 


as in this Caſe, in which 


ge+gd + + Id 
can be divided by c + d; by which alſo the firſt 
of the given Quantities may be divided. 
79. That we may therefore attain to the 

greateſt Diviſor, we ought to examine in each ſingle 
Divifion, whether the Quantity by which we reduce 
the Diviſer has the ſame common Diviſor with the 
Dividend of that Divifion : If ſo, we are then to di- 
vide this Dividend by that common Diviſor, to re- 
duce it ; and when the whole Operation is finiſh'd, 
we muſt multiply the common Meaſure found by this 
particular Diviſor. 5 
In the laſt Example, when I find the Diviſor 

may be reduced by dividing it by gc+gd+ +14, 
I inquire whether this Quantity has not a com- 
mon Diviſor with the Dividend; that is, with 
the firſt of the propos d Quantities : And I find 
that c＋ d is ſuch a common Diviſor, by which 
I divide that firſt Quantity, which is then re- 
duced to this : 
ad — bd. 


af — bf 

I had before reduced the Diviſor to a—6b, 
which becauſe it divides the other withour a 
| Remainder, is the greateſt common Meaſure of 
theſe Quantities; I multiply therefore a — b 
by c +4, and ac ＋ ad —bc — bd will be the 
op common Diviſor of the Quantities pro- 
pos d. 


Or Taz Repucrion or Fractions To A 
Common DENOMINATION. | 
80. Different Fraftions are reduced to the ſame 
Denominator by multiplying the Numerator and Deno- 
C 4 minator 
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minator of each, by the Denominators of all the res? ; 
by which Operation the particular Fractions are 
not changed (67). 


E xXx AMP I. E. 


Fractions to be reduced, | 
+ 1 „ 
* bl * 5 4 
The ſame Fractions reduced are, 
abhlr cbdfr qfbl 
Fhlr #hlr lr 
81. If tuo or more Denominators have "a common 
Diviſor, theſe before the Operation may be divided by 
it. If then the Operation being ended, the common 
Denominator, as alſo the Numerators of thoſe Frac- 
trons which were not divided are multiplied by that 
common Diviſor, the reduced Fraftions will be more 
fimple. 


EXAMPLE. 


Fractions to be reduced, 
. 


x. T 


The common Diviſor of two Denominators is 
Nane 

umb abdm 7 

nb? imb mb 
are the Fractions reduced. The Example de- 
monſtrates it. : 


Or ApprrioN AND SUBTRACTION OF 
FRACTIONS. 


82. IWhen the Factions are reduced to a common 


Dencminator, let the Numerators be added or ſub- 
eratted. — Ex- 
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EXAMPLES. 


„ 

Given „„ 
The Sun ic dhe + fibt + mlb 
bht Es 


The Difference of the two firſt, if ſubſtracted, 
ad h — 2. 


is = 


bh 
; afr I — b 
an ad ＋ bd aa— 3 
| ; aafr — afrb + AD amb? 
The Sum is prop many 2 
The Difference iS aafr — afrb —d' + dmb? 
85 | aad bod 5 


Or Morripcicarimos: 


The Multiplication of Fractions is founded 
upon this Theorem. 

83. The Product of any two Quotients is found by 
dividing the Product of the Dividends by the Pro- 
duct of the Diviſors. 
Let ab be the Dividend, the Diviſor a, the 
Quotient is . Again, let ed be the Dividend, 
the Diviſor c, and Quotient d; theſe Quantities 
may repreſent all poſſible . iviſors, 
and Dividends. The Product of the Quotients 


is bd : the ſame Quantity is found, if abcd the 
Produ& of the Dividends is divided by ac, the 
Product of the Diviſors. 

84. Frattions are Quotients, and are multiplied 
by multiplying their Numerators and Denominators 


(38. 83.) 


Ex- 
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Ex AMPIE. 
r - 
7 by 4 produces * 
bm b In 8 bim 
a-+b i 


85. That the Fraction which expreſſes the 
Product may be the ſimpleſt poſſible, it is not 
ſufficient to reduce the Fractions to their ſimpleſt 
Terms before Multiplication. For if the Nu- 
merator of one has a common Diviſor with the 
Denominator of another, the Product may be re- 
duc d by the following Rule. 


86. The Fraftions being reducd to their fimpleſt 


Terms, let the Denominators be chang'd, and then 
reduc'd again, By this change the Fractions are 
indeed alter'd, but the Product is ſtill the ſame. 


Ex AMI E. 
Let there be Fractions to be multiplied 
da*— db* DN OY 
Faa + fob” aal ＋ 2alb + 100 
The Fractions reduced will be 
daa — dbb fl* 
K * aa+2ab+6 
And changing their Denominators, they are 
daa —dbb I 
aa T 2ab + fg” 
And again reduced they are 


da — db . 
a+b? g 


'The 


the 
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product is <= 
, 7 1 


87. Fa Fraftion is multiplied by the Denominator, | 
the Product is the Numerator (35. 40. 41.) 


Or Divisio x. 


88. The Diviſſon of Fraftions is the Diviſion of the 
| Quotieuts of 2 Diviſions (38. 39.) which are ex- 
preſſed by retaining the Dividends and Diviſors, 
Let abc be any Dividend whatſoever, a the 

Diviſor, the Quotient is bc; which is to be di- 
vided by the Quotient of this other Diviſion cd 
by d, which is c. The Quotient be divided b 
c gives b for a Quotient, which we may alſo 
diſcover by a ſingle Diviſion. : 55 

89. We muſt multiply the Dividend F the firſt 
Di vi ſion by the Diviſor of the ſecond, and divide the 
Product abcd by acd the Product of the Dividend 
of the ſecond Divifion drawn into the Diviſor of the 
firſt, and we ſhall have b for the Quotient of the 
other two Quotients. The Diviſions here made uſe of, 
repreſent all poſſible Divifions. 

Let there be now Fractions 5 and 5 of which 


c 
the firſt is to be divided by the ſecond ; the Di- 
vidend of the firſt Diviſion is a, the Diviſor &, 


the Quotient is the Fraction 7 (38. 39.) the Di- 
vidend of the ſecond Diviſion is d, the Diviſor 
c, and the Quotient 8 

If now we divide ac by db, we ſhall have the 
Quotient of the Fractions 7 (89. 


90. We 
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90. Wie may reduce this Divifion of Factions to | 
their M ltiplication, if we change the Numerator of 
the Divi for into a Denominator. 


d 
The Diviſor is —, which chang'd i is ; and 
this Fraction, if * 3 2. gives the 


Quotient already diſcover'd — 78 


It is manifeſt that all which has been obſerv'd 
relating to the Multiplication of Fractions (84.85) 
may be here applied after the Tranſpoſition of 
the Numerator. 


Or THE EXTRACTION ot Roors. 


The Square of the F raQtion —- 7 5 7 ol =. the Cube 


; 
2 
TE whence it follows, 


91. That the Root of a Faction will be found by 
Separately extracting the Root from the Numerator 
and Denominator : wherefore hither may be 94 
ferr'd all that has been explain'd above (58, & 
ſeq.) relating to the Extraction of Roots. 


ExamPLEs or SqQuakt Roors. 


aa + 2ab + bb 
— 


Has Roct —=< — 4 


— . the Root 7 


af . 
2 hath the Reot — 2 7 HE 


CHAP 


WS 


MR Ys oe 


S* 1 JI 
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CHAP. V. 
O Surd Quantities. 


92.CUrd Quantities may often be reduced to more 


fimple ones, which Reduction is founded 


on boo Theorem. : 


3. The Root of a Product is had by muliphing 
the 1 of the Quantities to be multiplied. 


It is evident, if two Quantities aa and bb are 
to be multiplied, that their Roots are a and b, 


and that the Product of the Roots ab is dhe 
Root of the Product a*/*. 


94. Let there be now a ſurd 2 2 this may 
be reduced, for it is the Root of the Product of 


aa by bd, the Roots of Which Quantities are a 


and VId, and the Product of theſe aybd is 
equivalent to the Root propos'd (93.) In the 


ſame manner Va is equivalent to a * Vb. 


95. In this caſe, the Quantity whoſe Root is 
expreſſed by the radical Sign, (as here b) is ſaid 
to be UNDER THE SIGN, and the other as 4 
WITHOUT THE SIGN. 

96. Roots of the ſame Power, which when they are 
reduc'd to the ſimpleſt poſſible, have the ſame Quan- 
tity under the Sign, are called Communicans, as 
Vaab and ycb, which are reduced to theſe, 
a /b, c. 

97. The radical Sign may ſometimes vary without 
changing the Root it expreſſes, for it is evident that 


Jaa, Vas, Vat, Va“, Cc. do all expreſs the 
ſame Root 4. 


98 
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98. This Mutation may be made by raiſing the | 
Quantity under the Sign to a Power, by whoſe Index 
the Index of the radical Sign is multiplied : ſo 

3 0 


Va is not changed, if whilſt the Index of the 
Sign is multiplied by 2, to make it /, a? is 


Tais'd up to the ſecond Power, and is trans- 


form'd into a*, Va“ being equivalent to by a*. 
99. Hence we deduce the Rule by which va- 
rious Roots are reduced to a common radical Sign. 


roo. But firſt we muſt teach how to diſcover 
a Number the leaſt of all that can be exatly divided 


ly every Index of the radical Signs given; for this is 
the Index of the Sign ſought, if we want the ſim- 


pleſt Reduction. 
101. The Product of all the Indexes is indeed ex- 


attly divifible by each Index, but if any amongſt them 


have a common Diviſor, ſuch a Product is not the 
leaſt that can be divided by each. In this 
Caſe all thoſe Indexes which have a common 
Diviſor, are to be divided by it (one only excepted) 
and the Quotients are to be made uſe of in the Mul- 
tiplication, inſtead of the Indexes they proceed from. 
A Quantity, the leaft of all that is divided by 
theſe five, ab, d,, alm, In, ag, is thus diſcovered : 
Of the three Quantities ab, alm, ag, which have a 
for a common Diviſor ; let two, as ab and alm, be 
divided by a, and we ſhall have b, df, In, In, ag. 


Amongſt theſe, two Im, In, have a common Divi- 


for I; let one of them be divided by , and the 
given Quantities are reduced to theſe, 6b, df, m, 
In, ag, and that the Product of theſe bdfmlnag 
is diviſible by each of the given Quantities, is e- 
. vident from the Operation it ſelf. 

102. When the common radical Sign is diſcover*d, 
every Root is reduced to it, by dividing the com- 
mon radical Sign by the Index of the Root, aud 

raifing 


| 
| 
| 


| 
; 
| 
| 
$ 
| 
| 


ed (98). 
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raiſing the Quantity under the Sign to a Power, 
whoſe Index is the Quotient of that Diviſion. This 
follows from what has been already explain- 


ENAMPL B. 
„ — 
Vab, v ab*, vad, 
Are reduced A 5 
| Va, Va of Va*d. | 


In the nllowing Operations, it is alwa ys 
ſuppoſed that the Roots are reduc'd to a com- 
mon radical Sign. We ſhall now explain Mul- 
tiplication and Diviſion ; and after that, Addi- 
tion and Subtraction. 1 


Or MurrIIICATION. 


The Multiplication of Roots is founded upon 
this Theorem: 

103. F the Root of the Product of the Powers 
is extracted, it will be the Product of the Roots. 
aa and bb may repreſent any Squares; the 
Roots of them are a and b, and the Product of 
theſe is ab. 

The ſame Product is alſo found by multiply- 
ing aa and bb together, and extracting the Root 
of the Product aabb, nor is the Demonſtration 
different in any other Powe. 

104. In Multiplication keep the radical Sign of 
the Roots, and multiply the Quantities under the 

EXAMPLES. 


Va by V gives Val 


VI by ya—b gives Jaa -b. 
105. 
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105. If the Roots are multiplied by rational 
Quantities, that is, if there are Quantities given 
without the Sign, theſe muſt be multiplied ſe- 
_ parately. 
EXAMPLES. 

ay by dyc gives adibc 
' ayb by eyb gives aey/bb or aeb. 


106. When there are compound Quantities to be 
manag d, the Rules deliver d above (45, 46.) wil 


be of uſe. 
Of DrVvIS ION. 


107. As Diviſion reſolves what Multiplica- 
tion had compounded, it is evident, That in 
Diviſion of Root, the Quantities under the Signs 
are to be divided, and the Sign ſtill to be kept. 


EXAMPLES. 
ab by Va gives b (35. 104.) 
adybe by ayb gives /c (35. 105.) 


108. In compound Quantities, the Divif on it 
performed by parts, as we have above explain'd. 


EXAMPLB. 


 adbayfybb—dby/if—f/digb 


| ai 
— „ dy/b+-y feb 


TN — vdlgh 
—ay fghb  +fydtgh 


— — 


0 | O 
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Or ThE Extraction or Roors. 


109. Extraction of Roots is perform'd either by 
extracting the Root of the Quantity under the Sign, 
or by changing the Index of the radical Sign, or by 
aunexing a neu radical Sign. e 

The ſquare Root of V 40 iö ya. 

— 6 

The ſquare Root of Vab is yah. —_ 

The ſquare Root of a+ Vd is Va + Id, 


Other things that might be obſerv'd relating 
to theſe ExtraCtions, are of a higher nature. 


Or Appitrion and SUBTRACTION. 


110. In Addition and Subtraction of Roots what 
has been already ſaid relating to ſimple and compound 
Quantities (1 4. 43. 15. 44.) is to be obſerv'd. 

111. But it is to be remark'd, that the Sum 
may be otherwiſe expreſſed ; for the Sum of the 
Roots y/d and f is indeed /d + yf, but the 
ſame Sum is alſo Vd + f+2/jd _ 

The Difference of the ſame Roots is /d — f, 


or V4 +f—2vfd. 
The Demonſtration of this will be eaſy, if we 
conſider that the Sum of two Quantities is found, 
if we extract the ſquare Root from the Square 
of the Sum; but the Square of the Quantity 
yd + yf is d+f + 2ydf 
In the ſame manner, the Difference of the 
ſame Quantities is found by extracting the 
ſquare Root of the Square of their Difference. 
Something of the ſame nature might be ſhown 
as to Cubic and other Roots, but it would not 
be of any great uſe. 


113. 
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112. The Sum of Communicant Roots may be 
expreſſed otherwiſe; for a + d is a + b:/b. 
113. But whether the Roots are Communi- 
cants or not, is diſcover'd by Multiplication. If 
the Queſtion is of ſquare Roots, the ſquare 
Root will be exactly extracted from the Product 
of the Quantities under the Signs. 
Let the Quantities be Vaab and V 4db, the 
Product aab4db has a ſquare Root abd. 
114. In Cubic Roots let one of the Quantities 
be rais d to the Square, and let this be multiplied 
by the other Quantity; from which Product the 


Cubic Root may be extracted, when the Roots 
are Communicant. 


3 8 
Let there be ya#b and y/d'b, I multiply the 
Square a by db, and the Product a*d'b* has 
a Cubic Root aadb. 

115. In Roots of the fourth Power let one 
Quantity be raid to the Cube, and let this 
Cube be multiplied by the other Quantity. 

116. And generally if the Index of the Root 
is u, one of the Quantities muſt be rais d to a 
Power, Whoſe Index is z—1, as is ſufficiently 
manifeſt from what hach been already explain'd. 


ERED 
GOGH 


HAP. 
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enen 
H A P. VL 
Of Proportions and Progreſſions. 


et HE Sign of Equality is this =. 
We have objerv'4 in the firſt Chap- 
ter, that all Compariſon of Q antities may be 
reſerred to Addition, Subtraction, Multiplica- 
tion or Dieiſion . 5 
118. Addition and SubtraCtion are oppoſed to 
each other, as alſo Multiplication and Diviſion. 
Wherefore all that relates to the Compariſon of Quan= 
tities may commodiouſly be referred to two Claſſes. 
For in the Compariſon of two Quamiities, we 
either regard their Difte: ence, that is, what is 
to be added to one to form the other, or we con- 
ſider how often one is contaiad in the other, 
that is. by what Number (which may be a Surd) 
we muſt multiply one to produce che other. 
There are various things to be obſerv'd about 
theſe Compariſons, before we come to the gene- 
ral Rules by which Truth is inveſtigated, and 
Problems are ſolved. | 
119. F four Quantities being given, the Diffe- 
rence of the two firſt is equal to rhe Difference of the 
two laſt, thoſe Quantities are ſaid to be in Arithme- 
tic Proportion. 
120. This is mark'd with three Points. thus, 
a$ 5% 1215. or ah en. OS | 
121. In every Proportion the firit and laſt 
Quantities are called ExTxemes, the others are 
called Mt ans. 
122. In this Arithmetic Proportion, a, b. c, d, 
from the Nature of the Proportion a = b = c—d 
D 2 (119), 
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(119), if to both we add b+ d, we do not de- 
| troy the Equality; and then a + d =c+b6, that 
is, the Sum of the Extremes is equal to the Sum of 
the Means. 1 

123. Arithmetic Proportion is ſaid to be continued 
when the firſt Term differs as much from the ſecond, 
as that does from the third, as f,g'.'g, h; which 
Proportion is alſo thus expreſſed —f,g,h. 

124. A Series of Quantities, in which the Diffe- 
rence of any two direftly following each other is always 
the ſame, is cald an Arithmetic Progreſſion ; as 
6, 9, 12, 15,18; theſe are mark'd by the ſame 
Sign = as a, b, e, d, e. 

125. This Progreſſion, if the Difference of 
the neighbouring Terms is n, may be thus ex- 
preſſed 50,498, a+ zn, a+ zu, a + 47, 
Oc. And we ſee how from the two firſt Terms given 

any other may be foundi; as for example, the tenth 
is a + gn. N 

In the forementioned Progreſſion we have theſe 
Proportions, a, b ... , g, and b, c.. e, F; and alſo 
c, d.. d, e. From hence we deduce, that a + g 
—=b+f=c+e=2d(122); therefore a 5 
+c+dÞe+f+g=z3ixa+sg, whence 
we form this general Rule. 

126. The Sum of an Arithmetic Progreſſion is e- 
qui valent to the Product of the Sum of the firſt and 
laſt Terms, by half the number of Terms. 

127. The other Compariſon of Quantities, of 
which we have ſpoken (118), is determin'd by 
Diviſion ; for the Quotient expreſſes how often 
one Quantity is contain'd in another, and this 

Relation is call'd the Rar1o. 
128. We diſcover the Ratio given betwixt a 
and b, if we divide à by b, ard the Quotient is 
called the ExeoNenr of the Ratio. 


129. 
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129. We divide the firſt Quantity by the ſe- 


p * 0 4 bd 
cond, to determine the Ratio; 3 is the Exponent 


of the Ratio betwixt a and b; and on the con- 
Fees 5 3 
trary, = is the Exponent of the Ratio of b to a. 


130. The firſt Term of the Ratio is called the 
AxTECEDENT, and the ſecond the Constquet wr. 
131. A Ratio is ſaid to be greater, by how 
much the Exponent is greater; and vice verſa, 
132. Ratio's are ſaid to be equal, if their Ex- 
ponents are equal; for in that caſe both Conſe- 
quents are contained in the ſame manner in their 
Antecedents. . 
133. Four Quantities, of which the firſt has the 
ſame Ratio to the ſecond, that the third has to the 
fourth, are ſaid to be in Geometrical Proportion ; or 
ſimply to form a Proportion. , 
134. This Proportion is thus mark'd :: 
4, 3t 00: 
ſignifies that a has the ſame Ratio to 6, that c 
has to d. . 5 
Therefore if a is divided by 6, the Quotient 
will be the ſame that ariſes from dividing c by 4 


FOR 7 
(127); that is, 1 


If we multiply each Quantity by 64, we have 
ad bc; whence it follows, that in every Propor- 
tion the Product of the Extremes is equal to the Pro- 
duct of the Meaus. 

135. The Inverſe of this Propoſition is alſo 
true, That Quantities are proportional, if the Pro- 
duct of the Extremes is equal to the Product of the 


Means, 
If fs =}, TI ſay J, h:: H. 
D 3 For 
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For if we divide each of the Quantities by g, 


we have FED which demonſtrates the Equa- 


lity of the Rativ's of fro h, and Ito g. 
136. Of one Proportion there may be various others 


form d. 5 
Let a,b::c, d. 
SY By Inverſion 6, a:: d, c. 
| Alternately „„ 9 
Compounded à ＋ , 6: : c ＋ d, d. 
Divided a — 6, :: c — 4, d. 
By Converſion a, 4a T b:: c, e Td. 


Theſe 25 ariſe from the firſt Proportion, 
8, , 4. 7 
T nat all rheſe Proportions ariſe from the firſt, 
is very clear (135); for the Product of the Ex- 
tremes appears by a ſimple Multiplication to be e- 
qual to the Product of the Means, if we only remem- 
ber that ad = bc from the firſt Proportion (134. 
137. I the ſame manner, we may prove that 
any two Proportions whatſoever being given, as 
a b: 6,4 
f,8++b,T. 
will by Multiplication form this other, 
af, bg : : ch, dl. 
138. If the ſame Ratio has place in both Pro- 
portions, it will be alſo 


a+}, b+rg:i:icÞ+h, d +7. 

139. The Ratio betuixt tuo Quantities is not 
chaug'd by their being multiplied or divided by the 
ſame Nimler, it follows from a Theorem before 
demonſtrated (66). | 

140. If there are given various equal Ratios, the 
Sum of the Antecedents is to the Sum of the Con ſe- 
quents, as one Antecedent to its Conſequent. . 

er 
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Let it be , %: e, F: g, B : 1, 
Alter. a, c :: 1% 
Com. ee „ 
Alt. a +c, „ : e, F. 


Alt. a ＋T c, e:: 17% | 
Com. a + c + ez :b+d +þ,f. 
Alt, a+c+6,b+d+f: ef. 
And by continuing it in the ſame manner, it 
will be evident, 
i b+d +f+b+1:: 
or atob. 
141. if there are two Orders of Quantities, and 
the 52 ſt is to the ſecond in the firſt Order as the fi. ſt 
to the ſecond in the ſecond Order, and as the ſecond 
to the third in the firſt Order, ho the ſecond to the 
third in the ſecond Order, and Jo of the reſt ; then 
the Sum of all the Quantities in the firſt Or der, will 
be iv the Sum of all the Quantities in the ſecond Or- 
der, as any Quantity in the firſt Order to its corre- 
ſponding Qcutity in the ſecond, 


Let a, b, c, d, be the firſt Order. 
' of g. 'Y i, the ſecond. 


ME 5 5 
2 . ; 
yy :b,1:; 


Thereſre he 


af bene bud 
a TTS TA, f+g+b +5: 45 
(140.) 


A Ratio is ſaid to be the Inverſe of another, 
when the Antecedent of one is to its Conſequent, 
as the Conſequent of the other to its Antece- 

dent. And a nutable Quantity 1 is ſaid to fol- 
low the inverſe Ratio of another, when that is 
increaſed as this is diminiſhed, and vice verſa. 
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142. If there are given various Quantities, others 
that are as inverſely as theſe, are diſcover d by di- 
1 


; 1 
viding the ſame Quantity by each; 4 Fo Do are 


3 


reſpectively inverſely, as a, b, c: for —, :: , a, 


4 + 
(1353) as is evident by multiplying the Extremes 
and Means. _ 

143. Three Quantities are ſaid to be in continual 
Proportion, if the fiiſt is to the ſecond, as the ſecond 
to the third. 

144. The Mark of ſuch a Proportion is =. 

= a, b, c, ſignifies a,b :: b, c; and 

a, b, c, d, e, f, g, denotes 

a, U b, ec, d: d. e:: %%: :, g. 

145. Which Quantities are ſaid to be in 
GxromtTRIC PROGRESSION. 

146. Of which this is a Property, that the 
Sum of all the Terms except the laſt, are to the Sum 


of all except the firſt, as the firſt Term to the ſe- 


cond, (140.) 


147. A Ratio is ſaid to be compounded of other 
Ration, when it is produced by multiplying thoſe Ra- 
tio's together. Ex. gr. Let a be double &, and c 
triple d; now if F is both double and triple g, 
that 1s, twice triple, or three times double, or 
{extuple ; this laſt Ratio will be compounded of 
the other two. 


148. The Exponent of a compound Ratio, is the 
Product of the Expanents of the Ratio's it is com- 
pounded of. 
149. Whence we deduce, that any Ratios, as 
4 to b, and c to d, F to g, being given Quantities 
in a Ratio compounded of theſe, will be diſcover d 
_ by multiplying the Antecedents and Conſequents toge- 
| EOS "ther, 


— ＋ 12 
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ther ; the Exponent of the Ratio acfto b dg, is 
ur]. the Product of the three Exponents of the 


bag IT 7 
precedent Ratios PD 7 
150. A Ratio compounded of two equal Ratio's, is 
called a duplicate Ratio. 8 
15 1. A triplicate Ratio is that which is com- 
pounded of three equal Ratio's ; and ſo of the reſt, 


SLES IRE DIS d ASS 


CHAP. VI. 
Of Problems. 


Roblems are Queſtions to be ſoly'd, (11) 
152. The Sor uriox of a Problem is the 
Anſwer to a Queſtion, or the Determination of 
the Quantities ſought. 
153. The ſame Problem has oftentimes various 
Solutions, from whence proceeds the Diſtinction 
of Problems. 


154. Thoſe Problems are indetermin'd which haue 
innumerable Solutions. 

Ex. gr. If there are ſought 2 Numbers, whoſe 
Product is 24; the Problem will be indeter- 
min'd, becauſe the Number of Solutions cannor 
be determin'd. For if we divide 24 by any 
Number at pleaſure, the Quotient will be a 
Number that, with the Diviſor, will anſwer the 
Queſtion. 


I55. Determin'd Problems are thoſe, which have 
a determin'd Number of Solutions, 


156. Thoſe which have only one Solution, are ſaid 
to be of one Dimenſion. | 


Suck 


42 Univerſal Mathematics. 


Such is this : 
Required 2 Numbers, whoſe Sum 1s 22, and 


Difference 6. Anſ. 14 and 8; neither is there 


any other Solution. 


157. Problems are ſaid to be of two Dimenſions 


when they have two Solutions, Ex. gr. 

To tind a Number whoſe Square plus 6 is e- 
qual to the Number ſought multiplied by 5. 
Anſ. 2 or 3 ; nor hath it any other Solution. 


158. The following is a Problem of three Di- 


menſ1.us. 

There is a Number ſought, which being mul- 
tiplied by 11; F to the Product there is added 
its Cube, the Sum ſhall be equal to ſix times the 
Square of the Number ſought plus ſix. There 
are three Solutions of this Problem, and either of 
theſe Numbers 1, 2, 3, will anſwer the Condi- 
tions of the Problem; but no other. 

159. In the ſame manner higher Dimenſions are 
determ/n'd from the Number of Solutions. 

I ſhall lere treat only of thoſe of one and two 
D menſions. 

160. All Problems are ſolvd by Equations. 

161. Two equal Quantities join l by the Sign 
of Equality, are call/d au Equation. This is ſaid 
to b of as many Dimenſions as are the Dimen- 
ſiors cf the higheſt Power of the unknown Quan- 
tity in it. 

162. By the Rules dcliver'd in the following 
Chapter, determin'd Problems are reduced to one 
Equation, winch hach only one unknown Quan-— 
tity in it, and this is called a SIS GLE EqQua- 
TON. En, | 
163. In indetermin'd Problems, this laſt E- 
quation contains two, or more unknown Quan- 
tuies, Which (one only excepted) may be mr 
min 


= 


PPV 


ſame Rules; and this Caſe always holds, when 
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min'd at pleaſure; ſo that only one unknown 


Quantity remains in the ſingle Equation. 


16.4. In this ſingle Equation, the unknown Quan- 


tity muſt be ſo ſeparated from the known, as to 


ſtand by itſelf in one Member of the Equacion, 
or on one fide of the Sign of Equality, and all the 
known Quantities on the other. This in Equa- 
tions of one Dimenſion, is call'd Rrpucrion of 


Equations; and in other Caſes the SoLuTIioN of 


Equations. | 
165. The ſingle Equation has as many Dimen- 


ſions as the Problem has Dimenſions or Solutions. 
This Propoſition, and in what Caſes there is an 


Exception to it, we will demonſtrate in what 
follows. 


166. Some Problems, in which the unknown 
Quantity has two Dimenſions, are refer'd, as to 
their Solution, to Problems of one Dimenſion, 


and others in which the unknown Quantity has 
four Dimenſions, are referr d to Problems of 


two. | 

167. Let x be unknown, and let there be gi- 
ren a and b, xx + bb = dx, is an Equation of 
two Dimenſions, and two Values of x ſatisfy 
the Conditions of this Equation. 

But if xx = ab, it is referred to a Problem of 
one Dimenſion, and the Value of x is diſcover'd 
by a ſimple Extraction of the Root; for x = Va. 
Bur it is nevertheleſs evident, that the Problem 
reduced to this Equation xx = ab has two So- 
lutions; for we have not only x Vab, but 
allo x = — Vab. | | 

168. But ſuch Problems are referred to the 
firſt Dimenſion, becauſe they are ſolv'd by the 


the 
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the ſame Quantity affirmative and negative, an- 


ſwers the Conditions of the Problem. 

I ſhall treat in the tenth Chapter of Equa- 
tions of four Dimenſions, that are referred to 
two. 


SSS 8 d 8 8 d 8 88885 


CHAP. VIII. 


Of the Rules by which Problems are 
ſolvd. 


169. "HE Reduction of an Equation is the 
| ſeparating of one Quantity from the reſt; 
ſo that it alone ſhall be found in one Member : Ii 


which caſe, the Value of it expreſſed by other 
Quantities, is neceſſarily contain'd in the other 
Member. 


It is to be obſerved, that the Equality is not 


deſtroy'd, if both the Members are multiplied 
or divided by the ſame Quantity, nor if the 
ſame Quantity is added or ſubtracted from 
both. 
170. Whence it follows, That am Quantity may 
be tranſpoſed from one Member to another, by chang- 
ing its Sign. 
By taking away from both an affirmative 
Quantity, or adding a negative on both ſides. 


Or rar Repucriox or EqQuartioxs. 


RUIE I. 


171. If the Quantity to be ſeparated is a Frac- 
tion, the whole Equation muſt be multiplied by its 
Denominator. | 


Which | 
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Which may alſo be applied to any Number of 
Fractions. - | 
Rull E II. 


172. All the Quantities in which the Quantity to 
be ſeparated is Found, are to be collected in one Mem- 
ber, all the others being tranſpoſed into the oppoſite 
one. 
This Tranſpoſition, as we have obſerved, (170) 
is done by changing the Signs. 


Roure III. 

173. Let both Members be divided by the Quan- 
tity (whether ſimple or compound) that multiplies the 
Quantity to be ſeparated. I 

Theſe three Rules are generally ſufficient in 


Equations of one Dimenſion, of which we here 


treat: But ſomerimes this fourth comes in uſe. 


: Rur ex IV. 
174. If the Quantity to be ſeparated is involved 
with the radical Sign, this is firſt to be taken away 
by ſebarating according to the precedent Rules the 
Quantity thus involved from the reſt, ſo that it may 
be alone in ne Member; and then raiſing both Mem- 
bers to the Power whoſe Root that Quantity is af- 
jected with, 
RuLex V. 


175. If not the Quantity itſelf, but ſome Power 
of it is ſeparated ; then the Root of this Power is to 
be extracted from both Members, 


| EXAMPLE. 


y 4 
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V axx + fſxx + * 3 
8 £ 
nn ＋ aa 
axx + fxx + d'= gbb — 2gba + gaa. Rule 1. 
axx + fxx = gbb — 2gba + gaa—4d*. Rule 2. 

- — 26b — 2gba + gaa — d 


Rule 4. 


—— 


„%%% ᷑——VWw nag 
x Lela gan . Rule 5. 
92 ＋ f 


Or rur Rrpucriox or Various Equarions 
To Ox R: Or of the Extermination of Unknoun 


Ouantiti es. 
RULIR VI. 


176. Two Equations are reduced to oue, by taking 


away one Quantity; which is done by ſeparating that 
Ouantity jo tn one Equation, by the precedent Rules, 
that it may be found alone in one Member, and then 
ſubſtituting its Value in the other Equation. 


E xXx AMP I E. 
Let there be Equations 
ax + dy = fe 
afx + ddx = ffy. 
The firſt is reduced to this, 


And ſubſtituting, in the ſecond Equation, for), 
jg — ax 


its Value , we have this Equation, in 


＋ ddx 2 : 


which y 1s not given, afx 


which is reduced to this, dafs dx =f*g— Fax. 
| RuLE 


WB: I 
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Rorz VII. 
177. A Quantity may alſo be taken away by com- 


paring its rwo Values together. 


EX AMP I. E. 
Let there be the ſame Equations, 
ax ＋ dy = fg, 
afx + dds = fy 
ſeparating y by the Rules of Reduction, we have 


OL 
therefore afx + dd 2 7 _ which Equation 


multiplied by 4f, gives the ſame we found by 


Rule VI. daſs +d'x=f Og — Hax. 


J. 

178. Men there are given many Equations, ene 

Quantity iaay be taken away by Rule VI. & VII. 
and the Number of Equations will then be diminiſhed 
by Unity. 
B y Rule VI. ſeeking the Value of the Quan- 
tity to be exterminated in one Equation, and 
ſubſtituting that Value inſtead of that Quantity 
in the other Equations. T 

By Rule VII. ſeeking the Value of the ſame 
Quantity in all the Equations in which it is 
found, and comparivg theſe Values together. 


Rule IX. 
179. By diminiſhing continually the remaining E- 


quations by this Method, we ſhall at laſt come to vne 
ouly Equation, | | 
: Ex- 
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ExamMPLE. 
x TZ A x=a=—=y—z 


— 


a—zþ+u=b z=a+bu—b 


We will here add the Application of the ſe- 
cond Method to the ſame Example. 


x +y TT a & =a—y—2z 

x + y +u= r 

x TZ TAu =c X — 2 — 
2 ee eee 
a—zvz=b—u . n 

a —J n= c- e — — ——— 


1 : J=a—c +. 


The Methods hitherto explain'd can hare 
place only when the Quantity to be exterminated 


is of one Dimenſion : I therefore add the two 
following Rules. 


Ruin: . 


180. If the Quantity to be exterminated is of man 
Dimenſions, then from the Equations in m_— oy 
ound, 


e 


Power ¶ it. 
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found, there muſt be others form'd, by comparing to- 


gether the different Values of its higheſt Power. 
"Theſe Values are found by the aſſiſtance of 
the Rules deliver'd about Reduction. 


Rl E XI. 
181. But when the higheſt Power is not the ſame 
in two Equations, one of the Equations is to be multi- 
plied by the Quantity to be exterminated, or ſome 


EXAMPLE. 
Let there be ſought two Equations, in which 
x is not found from the given Equations. 


axx A byx = nN. 
dxx + fax = aa. 
x 4 6 =j 


33 
a 

1 aaz—fex 

__ ffs — ddy 


e 


XX 


From theſe three Values of the Square of x, 


we form two Equations; 


Jyz — byx _aaz — fzx 
N 4 N 4 Os 
— __ ffs — ddy 
F 
The third which may be form' d out of theſe, 
is not to be accounted a new Equation. 


But we want three Equations, becauſe there 
ought to remain two after x is exterminated. . 


E 1 
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I therefore take one of theſe laſt Equations, 
and ſeek from it the Value of xx, and compare 
it with one of the three precedent Values. 
The firſt of the two laſt Equations gives 
— Iz —a'z 


X 


dx — 4 2x ffs — ddy 
by x, produces , pak 
And the Fractions being taken away by Mul- 

tiplication, we have the three following Equa- 
tions; from which x may be taken away, by re- 
ducing them to two (according to the Methods 
already explain'd, 176, 177.) 

dyyz — dbyx = AE Afxx 

en ⁊ — E = dffs diy 
edy xx ea 2x=dbj * 22 -d byy—af* 2* + afddzy, 


Or THE SOLUTION OF PROBLEMS, 


RvuLtE XII. 
182. A Problem muſt be conſider d abſtract iy. 


Every Queſtion that can be propoſed about 


particular Quantities, may be applied to other 
Quantities, as is ſufficiently evident; and there- 
fore the Solution will alſo take place in thoſe 


dothers: for this reaſon, every thing ought to be 


remov'd out of the queſtion, that is not neceſſa- 
rily to be conſider'd in the Solution. Ex. gr. ſup- 
poſe this Queſtion propoſed: 


A Perſon being ask'd how old he was, anſwer d, if 


16 is ſubſtracted from thrice my Age, the Remainder 
will as much exceed an hundred, as my Age is ſhort 
of it. Qu. What was his Age? TG 
In this Problem I do not conſider whether the 
Queſtion was really ask'd or not; I do not exa- 
mine whether it 1s Years, or other Quantities, 
that enter the Queſtion ; but, according io the 
| above- 


=o and multiplying this Equation 


eo. AY 
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above-mention'd Rule, I reduce the Problem to 
this. 
A Number is ſought, from the Triple of which, if 
16 is ſubſtrafted, the Remainder will as much exceed 
an hundred, as an hundred does the Number it ſelf 


ſought. a 
Ru LE XIII. 


183. Am thing that is known relating to the Que- 
ſtion, tho not propos d, is to be made uſe of in ſolu- 
ing it. „ 

1 will illuſtrate this Rule by an Example. Hiero 
King of Hracuſe asked Archimedes what quantity 
of Silver was mixed with the Gold in his Crown; 
the Crown might be weigh'd, or otherwiſe exa- 
min'd, provided it was kept intire. 

Every one ſees, that without the aſſiſtance of 
ſomerhing elſe known, the Problem could not be 
ſolv'd; but he compared the Content of the 
Crown with the Contents of a quantity of Gold 
and a quantity of Silver of equal weight with 
the Crown. This he did by immerging theſe 
Bodies in Water, and meaſuring the Water 
flowing over the Veſſel, which was fill'd with 
Water before they were put in. He then foun- 
ded his Calculation upon the Contents thus diſ- 


cover d. See another Solution of the ſame Pro- 
blem, vid. Prob. 3 9. 


Rursz XIV. 
184. The Quantities made uſe of in the Conditions 
ef the Problem, ought to be expreſſed by Letters. 

I muſt here obſerve the great Uſefulneſs of 
what has been remark'd above concerning the 
Diſtinction of Letters, by which the known and 
unknown Quantities are denored (13). 


3 Rurs 
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Rull E XV. 

185. Equations muſt be form'd from all the Condi- 
tions of the Problem. 1 Ds 

The Conditions of the Problem are either E- 
qualities betwixt certain Quantities, that is, E- 
quations ; or other Relations that Equations may 
be form'd from, (122. 134.) „ 

In order that a Problem may be determin'd, 
it is neceſſary that all the unknown Quantities 
ſhould be determin'd ; that is, there are as many 
Determinations required, as there are unknown 
Quantities. Each Condition contains one Deter- 
mination, and alſo produces one Equation : 
Therefore the Problem is not determin'd, unleſs 
there are as many Conditions, and conſequently 
Equations, as there are unknown Quantities. 


RuIE XVI. 
186. By the foregoing Rules, the Equations are to 


be brought to a fingle one, which is it ſelf to be reduced 
or ſold. | 


CHAP, 
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SIHESSSSSSSISSSIATSS, 


F 


Of the Uſe of theſe Rules in Problems of 
one Dimenſion, and of avoiding ſome Dif- 
ficulties which oftimes occur in Solu- 
ſions. | 


'F HE Rules by which Truth is diſcover'd in 
the Mathematics being already explain'd, 
it will be neceſſary to illuſtrate the Uſe of them 
by ſome Examples. AT 
And as Difficulties often occur, I will point 
out the Cauſes of ſome of them, and ſhew how 
{ſometimes they may be avoided. 


PrRoBLEM I. 


187. Two Merchants lay out each an equal Sum ; 
the firſt gains 126 fl. the ſecond loſes 87 fl. The Sum 
of the firſt is now double the Sum of the ſecond : 
Qu. What did each lay out? | 
If the Problem is abſtractly conſider'd, accor- 
ding to Rule 12, (182) it may be reduced to 
this. 
To fiad a Number, to which if 126 be added, it 
ſhall be double the ſame Number, when 87 is taken 
rom it. oy 
Let the Sum ſought be called x, then the Con- 
dition of the Problem is this; x + 126 is equal 
to twice x — 87. Therefore = 
x +126 =2X — 174 300 x. 


Bur if we defire an univerſal Solution, let a 
be the Gain, and ö the Loſs, 


EY x+ a 
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xX Ta 2x — 26 a+ 25 x 

Whence we ſee, that however the Loſs and 
Gain may be varied, the Sum of the Gain, and 
double the Loſs, is equivalent to the firſt Sum 
ſought. © 
PROBLEM II. 

188. A Workman having received five Weeks 
Pay, and 6 Florins over, continues to work two 
Weeks longer : he then fiads he had but a quarter of 
what he received left, and being paid for the other 
two Weeks, he finds he had 21 Florins : Query, What 
was his Pay per Week? = 

By Rule 12. (182.) the Problem is reduced to 
this; To find a Number, which multiplied by 5 and 
s added to the Product, and this Sum divided by 4 ; 
if to the Quote there is added twice the Number 
ſought, the Aggregate ſhall be 21, 

Let the Number ſought be x ; this multiplied 
by 5 makes 5x, adding 6 to it, we have 5x + 6, 


Let it be divided by 4, ES 


twice x, and the Sum is equivalent to 21: that 


„ and add to it 


is, 
6 = 
2 - + 2x = 21 
5x + 6 + 8x = 84 
13x = 78 


LC 0&6 


PROBLEM III. 


189. Five Ells of Cloth coſt 174 fl. Qu. What 
will fourteen Ells coſt? _ D 
Let the Price ſought be x, it is evident that 5 
IS to 14, as 177 to the Number of Florins ſought. 
Wherefore 


1 14 
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5, 14 :: 17, x. 
5x = 14X 175 (134) 


14K 177 
4 = —L 7 = 49 


J 

190. From this Solution we deduce this gene- 
ral Rule : When the three firſt Terms of a Geome- 
trick Proportion are given, the fourth is found by mul- 
tiplying the ſecond aud third together, and dividing 
the Product by the firſt. Which Rule, by reaſon 
of its great uſe, is called the Golden Rule, as 
alſo the Rule of Three, or the Rule of Propor- 
t10Ns. 


PRO ELENM IV. 

191. A Merchant borrow'd ſome Money, and pro- 
miſed 5 per Cent. per Annum Intereſt. Qu. What 
Sum ought he to pay at ſeven months end, for the Uſe 
of 665. Y 5 . 

It is clear, that the Intereſt muſt follow the 
Proportion of the Time; and alſo of the Sum, 
that is the Intereſt, is in a Ratio compounded of 
theſe. Therefore ET 

A Number is ſought, that may. be to 5 in a 
compound Ratio of 7 Months to 12 Months ; 
that is, in the Ratio cf 7 to 12, and in the Ra- 
tio of 665 to 100. Conſequently, if x is the In- 
tereſt ſought, 

13-X 209; 7X 0631-3 4,8 
EXT XOOT -: 
X — m — 

12 Xx 109 


ov 


19 


PROBLEM V. 


192. Three Merchants gain'd in Fellowſhip 15 C0 
Florins. The firſt laid in 2000 Florias, aud at a 
year's end drew it out again; the ſecond put in 660 
Hor ins for ſeven months; and the third 1255 for five 
months: Hou is the Gain to le divided? 

E 4 It 
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It is manifeſt, that the Gain is to be divided 


in the Ratio's of the Money each brought, and 


the Time they continued it in: therefore the 
Problem is reduced to this ; | 
To divide 1500 in three parts, which may be 
betwixt themſelves, as 2000 * 12, 600 x , 1255 
. 1 
Let theſe parts be x, y, 2; now we have two 


Orders of Quantities, cf which thoſe that are in 


the firſt Order follow the Ratio of thoſe that 
form the ſecond Order. We have beſides the 
Sums of both the Orders; for x H =1 560, 
and 2000 * 12 + 660x ＋ 1255 X5 = 34895. 
Therefore (141) „„ 
1 (2000 * 12 224000, x 
34895, 1560 :: 660 7 = 4620, 5 
8 1255 * 5 = 6275, 2 
Hence, by three Rules of Proportion the un- 
known Quantities will be determin'd. 


eo PROBIFM VI. | 
193. Given the ff ſt, ſecond and laſt Term of a 
| Geometrical Proportion, to find the Sum. | 
Let a be the firſt Term, “ the ſecond, d the 
laſt, and x the Sum; we have 
a,b:: x—d, x —a (146.) 
bx — bd ax aa 5 
ld — aa 


X = 
þ —4 


PRO BI EM VII. 

194. The Sum of the Ages of John, James, Peter 
and Paul, is 98. The Age of Paul is found by ta- 

king 11 from the Sum of the Ages of Peter and John, 


the Age of James taken from the Age of Paul, and 
3 added, makes the Age of Peter: Jaſily, the Age 
0 
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of John is leſs by three than half the Sum of the Ages 
of Peter and Paul Qu What is the Age of each? 


Let u be the Age of John, x the Age of James, 


y of Peter, and z of Paul. 


The Conditions of the Problem abſtractly con- 
ſider d, and algebraically expreſſed, give theſe 
Equations. | 


wrxT+TJ T2 =98 

ua y—11=2 
z—x+ 3=y KX O- rz 
y+z=2+6 


11 
—B 


u + 22 = 95 535 
1 ＋ 5 — 11 X y=2—u+11 
N= 22 6 - 
2 +22=95 22=95 -:: 
22+ 5 =31 


3 100 4 1 25 
Therefore, 8 
2 =g95 —u=7a & X35 
j=2—ua+I=21 


x =2 — 5 + 3=17 


Oz5txvartion I. 
195. Oftimes the Equations of the Problem 


are reduced to a ſingle one more eaſily than by 


the methods of u. 178, 179. but as this depends 


upon the particular Relation of the Equation, 


Waich may be varied to infinity, theſe more ſimple 


and elegant Solutions of Problems, which are 
founded upon ſuch particular Relations, can ne- 


ver be brought to fixed Rules. But we ought to 
note, that by the Addition or SubtraCtion of two 
Equations, a more ſimple one is oftimes form'd ; 
at which in many caſes we ſhall alſo arrive, if 

we 
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we compare two Values of the ſame compound | 


Quantity 1 Oftimes by theſe Opera- 
ome unknown Quantities are exter- 


tions alone 
minated, as in the two following Examples. 


PROBLEM VIII. 


196. There are two Quantities ſought, whoſe Sun 
and Difference is given. 
Let the Quantities be x and y, let the Sum be 
a, and Difference b; the Equations are 
* 4 y=4a 
xX—y=s:--: 
Theſe Equations being added, we have 
ax=ab 


Or the ſecond ſubſtracted from the firſt, 
2y=a—_b _ 


PROBLEM IX. 


197. There is given the Periphery 80, and Ares 
240, of a right-angled Triangle, to find the Hypo- 
thenuſe. 

Let the Sides be x, Y, X. the Hypothenuſe x; 
the Equations given are 

x+y +; Z = 80 
yz = 480 

15 which, becauſe it is a right-angled Trian- 

ole ; this third is to be added : 


y + 22 = xx 
If the ſecond Equation is multiplied by 2, and 


added to the third, we hare Y + aj; + us =. 


xx ＋ 960. 
The firſt Equation gives ) + z = 80 — x, 


The Squares of the Members are equal; 
yy + 23% ＋ zz = 6400 — I60x + xx 


There- 


11 ³˙ 1 l am. 3 bod 


. 
1 
1 


* 

* 

; 
] k 

- 

1 


1. 


8 


> 
* 
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Therefore xx + 960 = 6400 — 160x ++ xx, 
| 160Xx = 5440 

* 4 
OBSERVATION II. 


198. Oftimes long and difficult Operations 
may be avoided, by ſeeking not the Quantities 


themſelves that are deſired, but others from 


whence they may be found. 

This has place in all thoſe Caſes in which two 
unknown Quantities are found in the ſame man- 
ner, in all the Equations where either of them is. 

Ex. gr. Let there be ſought two Numbers, 
whoſe Sum is a, and their Product &; if theſe 
Numbers are called z and u, the Equations of 
the Problem are 

"SI 8=8 
Tu = 

It is evident in theſe Equations, that z can- 
not rather deſign the greater Number than the 
leſſer, and muſt therefore neceſſarily have a 
double Value in the Solution. It is the ſame 
if their Product is given and the Sum of their 
Squares, and in innumerable other Problems: 
In all theſe Caſes, notwithſtanding the Problem 
has only one Solution, we cannot attain to it 
without ſolving a Problem of two Dimenſions. 

199. But in all theſe Caſes, when Problems 
arrive to two Dimenſions from this Cauſe only, 
as they do for the moſt part when Equations 
are not very much compounded ; the Problems 
may be reduced to one Dimenſion, by ſeeking 
the Sum and Difference of thoſe unknown Quan- 
tities which have the ſame relation : Theſe being 
found, the Quantities themſelves are given, 
(196); but we always have the Caſe of k. 166. 


as to the unknown Quantity that repreſents the 


Difte- 
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Difference, - becauſe the unknown Quantity may 
have a negative Value, but this is necellarily 
equal to the poſitive. | 

If, ex. gr. the Sum of two Quantities is called 
zx, and their Difference 2y, the greater will be 
x+y, and the leſſer x—y, if y is a poſitive 
Quantity ; but contrary, if it is negative. Put 
x =7, and) =3, then x + y=10, and x — y=g; 
but if y=— 3, then it will be x + y = 4, and 


x —y = 10. Therefore in the Solution of the 


Problem y has two Values, 3 and — 3; but it is 
but the ſame Quantity affirmative and negative, 
and therefore belongs to u. 166. 

In the ſame manner x will ſometimes have two 
Values, which will be expreſſed by the ſame 


Quantity affirmative and negative, if the ſame 


ray ver being negative, ſatisfy the Conditions 
of the Problem, as in this: i 

Given the Product of tuo Numbers, and the Sum 
of their Squares, to find thoſe Numbers. 


In this Problem, if the Numbers are called: 


and z, as # cannot expreſs one of the Numbers 
rather than ancther, 4 muſt have two different 
Values in the Solution; and theſe two Values 
ſuppos' d negative, will alſo anſwer the Que- 
ftion. Wherefore after the Solution of a Pro- 
blem of two Dimenſions, we have ſtill the Caſe 
of n. 166. remaining. But we may bring it to 
this by the Solution of a Problem of one Dimen- 
fion, if one of the Quantities is called x + z, and 
the other x — 5. 


PROohLE Ii N. 


200. There are ſought two Quantities, whoſe Sun 
and Product is given. RY 
Let the Sum giycn be 2, ard the Product“; 
let the Difference be 2). 
The 
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The Quantities ſought are a ＋ and 4 —, 


(199) whoſe Prodi et . 


= aa — 5 
n.! 
5 Va 5 


PROBLEM XI. 


201. There are two Quantities Jought, their Pro- 


duct and Sum of their Squares being given. 


Let the Product be za, and Sum of their 


Squares 46. 


8 the Quantities be called x + and x —y, 


the Product then is xx — yy, and their Squares 


xx ＋ 2) ＋ ), and xx — 2x) Þ yy. There- 
fore 


xXx - = 28 
xx + yy=260 
The Equations being firſt added, and then the 


firſt ſubſtracted from the ſecond, we have 


2xx 24 ＋ 2b 

2yy = 2b — 2a 
x=Va+b 
y=Vb—a 


PAR OB IL EM XII. 


202. There are three Numbers ſought in continual 
Proportion, their Sum and Sum of their Squares be- 
ing given. 

The Sum of the Quantities 1s a, the Sum of 
their Squares b. 

Let the Quantities be == s, u, z. 

The Conditions are s+u + TA 

s ＋ uu ⁊X 
2, uu, becauſe of their 
continual Proportion. 


In 
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In this caſe and 2 are found in the ſame | 


manner in all the Equations ; therefore that we | 


may depreſs the Problem to one Dimenſion, let 
x + y=s, and x -= (199.) then the Pro- 
portion ſought 1s > x + y, u, x—y; and the 
Equations are 5 
5 1. 2x ＋ u=a 5 

2. 2X Xx ＋ 2 + ut =b 
3. XX — Jy = uu : 

If in the ſecond Equation inſtead of uu we 
write its Value, we have 
Po, 3xx yy =b 
And the third Equation being added, 
| gxx =b un 5 

in 1ſt 2x 42a —- 2 

Therefore 4xx = aa — 2a + uu =b + us 

aa — 244 = b : 


aa —b 1 6 | | 
"BS "A 
Therefore in 1 2x = a —#u = a - 5 b 
= CE SAN b 
5 88 4 4a 
In the 39 NA 
_ a*+2aabT-bb a*+2aab—lþ 
run ̃ N; ER, LL 


1 5 en rag = 


TI y — | 


ag 1 


OBSERVATTION III. | 
203. There often occurs a great Difficulty in | 


_ the Solution of Problems with reſpect ro the | 
forming Equations from the given Conditions. | 


We 


hs fn rad hon Wn 8 VP am = mama fc... Tc 
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We have indeed remark'd above (185) that 
every Condition of a Problem gives an Equation ; 
but oftimes the Equalities or Relations which 
ought to form thoſe Equations, are not directly 
expreſſed, although they are contain'd in the 
Conditions. 
In this caſe we muſt examine whether there are 
not ſome Quantities conſider'd in the Problem, 
either known or unknown, which are not ex- 
preſſed in it: if there are ſuch, they muſt be 
deſign'd by Letters, and by the help of theſe 
Equations muſt be form'd, expreſſing the Relation 
of the unknown Quantities either amongſt them- 
ſelves, or with thoſe that are known. _ 
204. If ſuch are not given, or do not ſuffice, 
we muſt examine whether the known or un- 
known Quantities mentioned in the Problem, 
have not Parts, the Relation of which either a- 
mongſt themſelves, or with other Quantities, 
may be diſcover'd from the Conditions of the 
Problem. If there are ſuch Parts, whether 


known or unknown, they are to be expreſſed by 


Letters; and from their Relations, Equations 


muſt be form'd. 


ProBLEM XIII 


205. A cubic Foot of Sea: ſaltꝰ Water weighs a; 
a cubic Foot of Rain Water c; there is ſome other 
ſal: Water, a cubic Foot of which weighs b, an inter- 
mediate betwixt a and c. Qu. What Weight of 
Rain Water muſt be added to a cubic Foot of Sea 
Water, that the Mixture may be equally ſalt with that 
mentioned? 


Let the Weight ſought be x; it muſt be re- 


member'd, that the Bulk of Sea Water made 


uſe of in the Mixture is a cubic Foot, becauſe 
the Bulk is to be taken notice of, when the 
Weights 


64 Univerſal M athematics. 


Weights are determin'd. I alſo perceive, that 
the Bulks of the ſame Water are to one another 
as their Weights. 

That I may therefore more eaſily arrive at 
Equations, I call 2 the Bulk of Rain Water, 
whoſe Weight is x; I alſo call a cubic Foot p. 
I have now relating to the Rain Water, 

| P, 2 2: % * 

And becauſe a cubic Foot of the Waters mixt 
weighs b, there is. the ſame Ratio betwixt the 
Bulk p, and the whole Bulk p + of the Mix- 
ture, that there is betwixt the Weight b and the 
whole Weight a + x of the ſame Mixture. 

p, > ++ b6,@Þ+ x — | 

Whence there are two Equations form'd, by 
which the Problem may be ſolv'd. 

Theſe two Proportions may alſo be reduced to 
one, and the Problem to the Rule of Proportion, 
if we remark that from the laſt Proportion this 
may be deduced, (136.) 
ns p,v>::ba=—b+x 
Which compared with the firſt, gives 

c, * :: b, a —- TX 
Buy Alternation, Inverſion, and Diviſion, we have 


136.) 


c, c:: a-, x 


PROBLEM XIV. 


206. There are three Meadqnys equally good a, * 
c, in which the Graſs grows uniformly ; d oxen in 
the time e eat up the Graſs in a; | oxen in the time g | 
eat up the graſs in b. Qu. How many Oxen will eat 
up the Graſs in c, in the time h? 


Let the Number of Oxen ſought be x. 


Let 


- 
- 


** 
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'The Conditions of the Problem do not expreſs 
the Relations, from whence Equations can be 


form'd. But becauſe regard is to be had to the 


Graſs which is in the Meadows, when the Oxen 
enter, and to the Graſs that grows afterwards, 
I diſtinguiſh the Oxen in each Meadow into two 
Parts. e 

I put d=y+z ; the Oxen that feed on the 
firſt Graſs are y, and thoſe that feed on the 
Graſs that grows afterwards z. In the ſame 
manner I put / t + u; and x =s +r. 

By how much the Meadow is greater, ſo 
much the Number of Oxen (ceteris paribus) is 
greater ; but by how much greater the time, by 
ſo much a leſſer Number of Oxen are re- 
quired to eat up the ſame Graſs. Therefore 
the Conſideration of the Increaſe of the Graſs 
being ſet aſide, the Oxen are to one another di- 
rectly as the Meadows, and inverſely as the 


Times: that is, y, t, are amongſt themſelves 
directly as a, b, c, and inverſely as e, g, h. 


The Oxen that feed on the Graſs that grows 
after they enter, are to one another as the Mea- 


dows, for the Time is not to be conſider d; that 


IS, T, u, 7 are to one another as a, 6, c. 
Theſe things laid down, the forming the E- 


quations and the Solution is very eaſy. 
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There are now given ſeven Equations, with 
ſeven unknown Quantities; and ſubſtituting in 
the ſecond and third for :, s, u, r, their Values 
which are found in the laſt four, theſe three 
Equations remain. 

d=y + z 3 =d—z 
agf = eby + gbz 


ahx = ecy + hc 


* — — * 


2 


agf = ebd— ebz + gbz = Wn 


4 __ ahx—ecd 
ahx = ecd— ecx + hex 2 = Nee 


. 


agf ebd abx — ecd f — acgfe — bcedb T- gbecd 


Mr — — 5 — _—— 


gb - heme * abbg = abbe 


OssERVATION IV. 


207. Sometimes it happens that the Condi- 
tions that determine the Problem, do indeed con- 
tain Equations; but in ſome Equations there is 
no unknown Quantity to be found. In ſuch a 
caſe thoſe Equations are of no uſe as to the ex- 
terminating the unknown Quantities, and can- 
not therefore immediately forward the Solution. 
On theſe Occaſions, in the firſt place there 
muſt be new Equations form'd from the given 
ones, to which the above-mentioned Opera- 
tions (176, &c.) may be applied. New Equa- 
tions 


rr eee 
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tions may always be produc'd from thoſe given, 
if (as is ſuppos d) they contain a Determination 
of the Problem. 


PROBLEM XV. 


203. Of various Mixtures given, to compound a 


neu determined Mixture. 


Let there be given three Mixtures of Gold, 


Silver and Copper; the Quantity of Gold in the 


firſt Mixture a, in the ſecond b, in the third c; 
the Quantity of Silver in the firſt d, in the ſecond 


e, and in the third f; the Quantity of Copper in 


the firſt g, in the ſecond h, in the third i. There 


is to be a compound Mixture in which the 
Quantity of Gold is I, the Silver m, and Copper 


2; it is to be determin'd how much of each of 
the former Mixtures is to be taken. 
Let Gold be called A; Silver B; and Copper 
C; the firſt Mixture M; the ſecond N; and 
third O; the Quantity ſought of the firſt Mix- 
ture x; of the ſecond y ; and of the third Mixture 2. 
And that the Equations may be the more ſim- 


ple, I put 
a+dÞ+g=0 
 b+e+h=p 
ci 
The Conditions of the Problem are contain'd 
in the following Equations. N 


a A dB EC SOM 
bA+eB+hbC=pN 
IA+mB+uC=xM+yN+20 


Only the laſt Equation contains unknown 


Quantities, the others therefore cannot contri- 


2 bute 
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bute to the Solution, unleſs new ones can be 
form'd from them. 

But this may be done by conſi dering that IA 
is the Quantity of Gold given in the whole Mix- 
ture, that is, in xM, in y N, and zQ; now 
this Gold may be otherwiſe expreſſed, if inſtead 
of M, N, and Q, in the ſecond Member of the 
Equation are placed their Equivalents deſign d 
dy A, . C- 

1 ſubſtitute therefore in the fourth Equation 
inſtead of M, N, and Q, their Values deduced 
from the three firſt exp reſo d by A, B, C, and 
compare the Gold, Silver, and Copper in the 
firſt Member with the ſame Metal in the ſecond, 


by which means I form three Equations for the 
three unknown Quantities. * f 


The three firſt Equations give 


2A +dB+gC_, 


0 
b B+h | 
HA+eB+hC_ 


2. 
Ae 
q EE 
And the laſt is changed into this 


aA — 1 1 


From whence theſe * are e d 
y6 „ — 292 — 2007 — — co 
I=—+= . — 
5 P T3 1. apꝗ 
OI ye opgm — yeoq — 20 
m 5 +3 as -e 
apq 
be ys — 0p gr —yhoq — ziop 
oy 


Theſe 
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Theſe three Values of the unknown Quantity 
x give two Equations, which will be more ſim- 
ple, if each is multiplied by pg, and then divided 

pa! —ybq=zip pn ge . A 


a d 
pd —=yq=mp _ bgrmnbq—cip 
— — n 
dal — atm ⁊aſb — ⁊ deb 
1 . 
__&pgl — apqn + zaip — d 
Go eels gbq —ahq 


If theſe Values are multiplied by q, and divi- 
ded by p, we have 7 
dal — aqm + zaf —2.de goal —aqu+ zai—zgc, 
dab - ae = 20 — 45 
IC 
2% — dei ＋ dbi — dhc ＋ gec — gbf 
If in this Value of z we write p for 3, 6 ſor c, 
e for f, and h for i, we ſhall have the Value of y. 
But if for q we put o; for c, a; for , d; and 
for i, g; we diſcover x. For if we attentively 
examine the Value of z, we ſhall eaſily perceive 
that 'tis only the Quantities q, c, , i that di- 
ſtinguiſn the Value of z from the Values of y. 
x, a, d, g, b, and e, h, , X ſupplying their pla- 
ces in theſe Values. e | 


1 CHAP. 


cContain them both. 


70 Univerſal Mathematics. 


SEALLHHSHILEHHEALEES 


- CHA . 

Of the Nature and Solution of Equations 
f two Dimenſions. 
J Roblems of two Dimenſions have two Solu- 


tions (157) and the unknown Quantity 
two Values; therefore in the ſingle Equation 


_ which contains the Solution of the Problem, the 


unknown Quantity cannot rather have one of the 
Values than the other, and muſt conſequently 

209. Now that we may determine the Na- 
ture of Equations in which the ſame Letter de- 
ſigns two different Quantities, we muſt inquire 


into the Formation of ſuch an Equation. 


210. Which that it may be done, we muſt con- 
ſider that all the Quantities of an Equation may 
be tranſpos'd to one Part of the Sign of Equality. 
This Equation xx + 6 =5x, by the Tranſpoſi- 
tion of 5x is changed into this xx— 5x + 6 =o. 

211. If in this caſe inſtead of x we put its Va- 
lue, the Quantities of the Equation will mutu- 
ally deſtroy each other, becauſe they are equal 


We muſt therefore ſhew how an Equation 


. 


may be form'd, all whoſe Terms, if placed 


on the ſame ſide of the Sign of Equality, mutu- 
ally deſtroy each other by the Subſtitution of ei- 


. ther of the two Quantities. 


212. Let x a, and x =b, that theſe two 


Values may be comprehended in one Equation, 
J put x — a o, and x - o; hence a new 


Equation is form'd by Multiplication. 


* — 
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Xx — A S 0 
_ x—b=0o 
— bx + ba 
AX — AX PRO 
xx—bx+ba=0 
— ax 


If for x in this Equation I put either a or 6, 
the Terms will mutually deſtroy each other. 

That this may be demonſtrated, it muſt be 
obſerv'd, that it is the ſame thing whether I pur 
for x its Value in the Product after the Multi- 
plication is ended, or in the Quantities to be 
multiplied before Multiplication: It is alſo ma- 
nifeſt that the Product form'd by the Multiplica- 
tion of the ſame Quantity affirmative and nega- 
tire deſtroys itſelf, as any Quantity multiplied by 
＋4 -, or + b—b is deſtroy'd, it being multi- 
plied by o. DD 5 
If in both Quantities now x— a, and x —b, 
we put a or b for x, and afterwards multiply, —a 
by -, or a—bby a—a, in both caſes the 
Quantities of the Product deſtroy each other, and 
_ conſequently they do the ſame in the Equation. 

213. The Value of the unknown Quantity is 
called the Root of the Equation, and it is evident 
that an Equation of two Dimenſions has two 
Roots. 

214. And as a Negative Quantity may be de- 
ſign d by a Letter, the Root is ſometimes nega- 
tive; there are therefore four different Caſes. 

1. Both the Roots may be affirmative; 2. one 
affirmative and the other negative, the affirma- 
tive being greater than the negative; 3. the 
negative greater than the affirmative ; 4. both. 
negative. : 

That we may determine the Forms of the E- 
quations in theſe four caſes, I ſuppoſe a to be 

5 * greats 
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greater than b, and a+b==4, and abe. 
Then J have theſe four Formula s. 


Xx = 14 * == 8 

Xx - 4 o x - Aa O 
% Se. 

xx—ax +ab=0 xx ax — ab So 
— bx 3 ＋ bx oy 

xx —dx + ab o xx—x —ab=0 
R- Xx — 2 T. 
X=b___ =—b 

x +4 O x + a 
X—p=d.- x+b 8 

xx + ax —=ab=o0 xXx TAN TAU o 
— ＋ bx 


xx cx — ab © xx dx ＋ ab So 

215. We ſee hence how from the Signs alone 
of any Equation we may determine whether both 
the Roots are affirmative or negative, or one 
affirmative and the other negative; and alſo 
how to diſtinguiſh the greater of theſe from the 
leſſer. | 

216. It is alſo evident in every Equation of two 
Dimenſions, in which the Square of the un- 
known Quantity is ſeparated from all the known, 
and which has a Quantity entirely known on 
one ſide of the Sign of Equality, and which is 
alſo order'd according to the Dimenſions of the 


unknown Quantity; I ſay it is evident, that in 


ſuch an Equation the unknown Quantity in the 


ſecond Term is multiplied by the Sum of the 
Roots, its Sign being changed, and that the laſt 


Term is the 
ſerv d. 


The known Quantity that multiplies the ſe- 


cond Term, is call d the Cox FF IciENT of the ſe- 
cond Term. Or 


roduct of the Roots, its Sign pre- 


29 


3 TD UW WWW 4 9 — Ws 


2 
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Or ruf SoLutIOoN or EQVATIONS OF TWO 
DiMEens10NSs- 


The Rule for extracting the Root of ſuch a 


given Equation 1s this. 


217. Let the kuown Quantity be put alone on one 


fide of the Sign of Equality, and add on both fides 


the Square of half the Coefficient of the ſecond Term, 
and then extract the ſquare Root from both Members. 
The whole Artifice of this Rule is, that there 
is form *d a Square in the Member where the un- 
known Quantity is, whoſe Root may be exactly 
extracted. 
Ex AMD I F. 
xx — dx + ab =0 
xXx—dx =— ab 


 xx—dx + dd = dd — ab 
EEE =/5dd— ab 


It 1s clear, that both theſe Roots are poſitive, 
for 44d — ab is always leſs than 5d. 

It is alſo evident that the Roots of the Equa- 
tion are always impoſſible when ab exceeds ædd; 
for then -;dd— ab is a negative Quantity, which 
cannot have a ſquare Root (46.) 


Or ProBLEMS THAT PRODUCE EQUATIONS. 
oF Two Dimtnslons. _ 


We have remark'd ſomething above relating 
to theſe Problems (165.) 


219. It is beyond all doubt, that Problems 
which have two Solutions produce an Equation 
of two Dimenſions (209, 212.) 


220. 
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220. We alſo light on ſuch an Equation when 
the Problem has indeed but one only Solution 


that we ſeek. But there is a certain negative 
Quantity that we are not at all concern'd with, 
which alſo ſatisfies the Conditions of the Pro- 
blem: for Algebra does not lead us more readi- 
ly to a poſitive than to a negative Solution ; and 


therefore we diſcover both. But in this caſe we 


neglect the negative Root. 

221. If the Problem has only two negative So- 
lutions, neither of which we ſeek, we come to 
an Equation of two Dimenſions, notwithſtanding 
there is no Quantity that anſwers our purpoſe. 

222. We may alſo come to a like Equation in 
a Problem altogether impoſſible. We have al- 
ready ſhown, that an impoſlible 88 may 
be Algebraically expreſſed (218). If ſuch Quan- 
tities Algebraically expreſſed anſwer the Condi- 
tions of the Problem, we arrive at an Equation 
whoſe Roots are impoſſible. 1 


223. There is a particular Caſe worthy to be 


remark'd: this is, when a Problem has only one 
politive Solution; bur in ſolving it, we have an 
Equation that has two poſitive Roots. ö 
This happens when the Problem, beſides its 
poſitive Solution, has alſo a negative one, but 
the Quantity that belongs to the negative Solu- 
tion is not itſelf negative. 
224. U This Problem has only a poſitive 
Solution: There is ſought a continual Proportion, 
whoſe firſt Term is 4, and the Difference of the firſt 
and ſecond, 3. The poſitive Solution is == 4, 6,9; 
but there 1s alſo given this other negative one, 
＋ 4, —2, 1, Which we do not ſeek, but to 
which nevertheleſs Algebra brings us. 
225. If we call the ſecond Term y, and the 
third x; it is clear, that when y is ſought, theſe 


wo 


28 ae 2 2 


* 


> fa. 


Www 1 


» m— 
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two Values are found, 6 and — 2, but the ne- 


tive is rejected. But if we ſeek x, we have 
the Values 9 and 1; where the laſt is to be re- 
jected, becauſe it belongs to a Proportion in 
which there is a negative Term, which therefore 


we did not ſeek. oP 
226. If the firſt Term of the continual Proportion 


is 4, the Sum of the ſecond and third Term is 3, and 


the third Term is ſought. We diſcover the ſame 
poſitive Quantities 9 and 1, but here 9 is to be 
rejected, becauſe it belongs to a Proportion 
which has a negative 'Term ; for the Proportions 
are =4, 2, 1, and = 4, —6, 9. 

227. In the Solution of both theſe Problems, 
if the third Term is called x, and is ſought, we 


have this Equation xx — 10x +9 = 0; ſo that 


one Problem cannot be reſolv'd without reſolving 
the other at the ſame time: yet both Solutions, 
to ſpeak mathematically, belong to both Pro- 
_ at leaſt to the Problems algebraically ex- 

reſſed. 
. 228. In the Solution of this Equation xx — 
lox + o, we may diſtinguiſh the Root to be 
retain d from that to be rejected, if we conſider 
the Operations by which we arrived at the E- 
quation. To ſolve this Equation, it muſt be 
chang'd into the following, = 


xx — 10x + 25 = 16 (127) 


And the {quare Roots extracted, we have 


x —5 =4 
F 
229. The firſt of theſe Equations is to be re- 


tain'd, if in the preceding Operations the Square 
Was form'd of x as an affirmative Quantity, as 


is done when the Problem of u. 224. is ſolv'd. 


230, 
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230. But the ſecond is to be retain'd, if, x 


in the Solution of Problem x. 224. the Square 
was form'd of the Quantity from which x wa; 
ſubtracted: for in this laſt Caſe xx in the Eque- 
tion is not the Square of ＋ x, but of the Roa 
x; and the Root + x belongs to a Caſe about 
which we are not ſollicitous, although conſider: 
ing the thing abſtractly, it belongs to the Soly- 
tion of the Problem. 

231. But when the Operations do not deter- 
mine whether the Square of the unknown Quan. 
tity has an affirmative or negative Root, both 
the Roots of the Equation of two Dimenſions 


give the Solution of the Problem, which has then 


two poſitive Solutions. 
232. I have ſaid above (166) that ſometimes 
a Problem of four Dimenſions may be reduced 
to two, becauſe it is reſolv'd as a Problem af 
two. 


the Problem. Ex. gr. if + 4, — a, 4, —l, 
ſatisſy the Conditions propos'd, the Problem has 
four Solutions. 'The Equation it is ſolv'd by, 
ariſes to four Dimenſions, but is ſolv'd by the 
Rules deliver'd for Equations of two Dimen- 
fions, by ſeeking not the Value of the unknown 
Quantity itſelf, but of its Square. ; 
For it is manifeſt in this Example, that if the 
Quantity ſought is called x, x = + a, and x = 
— a, is expreſſed by this Equation xx = aa; 
and in the ſame manner x =b and x = — b by 
xx = bb. 5 
Theſe Equations being multiplied, 
Xx — an O 
. xXx — bb = © 


The Equation x*—aaxx + aabb=o will Conga 
0 


four Values, =—bbxx 


233. This Caſe always happens if the ſame 
two Quantities affirmative and negative anſwer 


- tz © 


LAS 3 0 -— 
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of x (212), which (the Equation being given) 
are diſcover'd by theRules deliver'd above (217) 


by ſeeking in the firſt place the two Values of 


the Square xx, and then extracting the Roots 
of them. : „5 

234. But we ſometimes light on ſuch an Equa- 
tion, although the Problem has but one affirma- 
tire and an equal negative Solution. Then the 
Square of the unknown Quantity has indeed 
two Values; but one of them is negative, and 
to be rejected (218.) N 

Algebra neceſſarily gives all the Algebraic So- 
lutions; but as impoſſible Quantities may be al- 
gebraically expreſſed, if theſe anſwer the Condi- 
tions of the Problem, ſuch Solutions will be ne- 
ceſſarily contain d in the Equation expreſſing the 
Values of the unknown Quantity. e 

235. There is alſo a Caſe analogous to that 
above mentioned in . 223. for in a Problem that 
has only one affirmative, and an equal negative 
Solution, the unknown Quantity has ſometimes 
four true Values, but two of theſe belong to im- 
poſſible Caſes, although the Values themſelves 
are not impoſſible. . 


EXAMPLE. 


236. Let there be ſought x, ), x, ſuppoſing 
theſe following Proportions : EO 


= x, 9, 2 
2 —9, 20, X +y 
e, 14+ 


This Problem has only one affirmative Solu- 
tion, that is, X = 9, y=15, = 25; which 
Numbers, if negative, give alſo the above- 
mention'd Proportions ; that is, x — 9, y = 

=" 15, 
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tz, z=—25, and the Problem has no other 
Solution. But if I ſeek z, I have this Equatior 
2.*— 689 + 40000 = © 


Which gives theſe four Values of ⁊. 


2 =—8 
The two laſt Values belong to impoſſible So- 
lutions, in which 
x =—42, j=V— 336, 2=8 
Or x=42, y=—V— 336, 2=—8 
237. But this Value of z = 25 is to be diſtin- 


guiſhed from thaſe that muſt be rejected by the 


following Method. _ 
In the Solution of the Equation (217) 
| 2*— 689 XX + 40000 = © 
I diſcover ab 
** — 64:6 8 
3341 24 2803 
There chuſe the Value in the firſt Equation, 
rejecting the other, according to the Rule laid 
down above, (229, 230) becauſe in the Opera- 
tions by which I came at a ſingle Equation, 
I formd a Square of zz — 20, and 2“ was 
produced by multiplying + zz by it ſelf, not 
zz. I have now zz = 625, whence I find 
2 25, and 2==— 25; which laſt I reject, 
becaule it 1s negative. „ 
238. Oftimes Problems that have but one or 
two Solutions, cannot be reſoly'd bur by Equa- 
tions of three or four Dimenſions, and ſome- 


times of more. But in theſe Caſes, ſtriftly | 
ſpeaking, the Problems have as many Solutions 


as the Number of Dimenſions, tho* ſome of 
them are rejected. CHAP. 


©" a @ ond od Yue 


er 
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WET CI DIRE RL IE III! 


CHAP. XI 
Problems of Two Dimenſions. 


Win here only add a few Problems. If thoſe 
I things explain'd in the precedent Chapter are 
added to what has been deliver'd before about 
Problems in general, the Solution of Problems of 


two Dimenſions will not be difficult. 


PROBLEM XVI. 


239. A and B together owe 208; A pays each 
day 9, and B pays the firſt day 1, the ſecond day 2, 
the third 3, &. Qu. How many days will the whole 


Debt be paid in, and how much does each pay? 


Let A's Debt be x, B's y, and the Number of 
x ＋ y = 208 


9% = x 
y is equivalent to the Sum of an Arithmetic Pro- 


greſſion, whoſe firſt Term is 1, laſt x, and Num- 


ber of Terms z; which Sum is equal to 1 + z 
x 52 (126), therefore + 2 + {zz =y. 


Which three Equations, by adding the two 
laſt together, and then comparing it with the 


firſt, are reduced to this: 
x + y= 322 + z = 208 

22 +192 = 416 

XL + 192 + 90 + 506 4 
Z + 95 = 227 
&=33 
X=117 
5 =91 PR o- 
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ProBLEM XVII. 


240. A Perſon buys a Horſe, which he ſells again 
For a, and gains as much per Cent. as the Hor 
coſt him. Qu. What did the Horſe coſt him? 
Let the Price of the Horſe be x. 


- 200, l #55 , 
PROTLEM XVIII. 


241. There are two Numbers ſought, whoſe Pro- 
duct is 12, and the Difference of their Squares 7. 
Let the Numbers be x and y. 5 


„ =12, , = 
xx — 1 =7, xx— © =7 


Sheds 1 
„* 144 = xx 
This Equation is ſoly'd as an Equation of two 
Dimenſions (217), if we ſeek the Value of the 
Square of xx. 
X. —7xxX = 144 
x* — 7xx + 124 = 156- 
XIE 
31 — XxX J 127 
＋ 16 
we 
* 
I neglect the ſecond Value xx = — q, be- 
cauſe it is impoſſible (218). | 
I neceſſarily diſcover the Value of the Square 
xx in the Solution, becauſe not only x =4, y=3, 
but alſo x = — 4, y = ==}, ſolve the Problem. 
I alſo diſcover two other Values of the Square 
xx, becauſe the Problem has beſides two im- 
poſſible Solutions, which may be algebraically 
ex- 


XX == 


in 


"Oo 


Vo 


he 
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expreſſed: Theſe are x = / —9, y=—y/—16, 


and x==—y/—9, y=—4/—16. 


PROBLEM XIX. 
242. There is a Number ſought, to which if there 
is added the ſquare Root of itſelf multiplied by to, the 


Sum ſhall be 20. 


Let the Number be x. 
; x + / 10x = 20 
/ lox = 20 — x 
10x = 400 40x + xx 
XX — FOX = — 400 


It is evident, that it is not the firſt Value that 
is ſought, becauſe it exceeds 20. I therefore take 
the ſecond. Et | 

But to ſpeak mathematically, 40 anſwers the 
Queſtion ; for this multiplied by 10, produces 
400, the ſquare Root of which —20, added 
to 40, the Sum 40 — 20, is equal to 20. 

It muſt be obſerv'd, that 25 — x = 15, not 
X—25 =15, gives the Root that we ſeek, be- 
cauſe the Square was form'd of 20—x, (230. ) 


OBSERVATION V. 


243. We have remarked above (198) that 
much labour may ſometimes be avoided in a So- 
lution, by ſeeking not the Quantities themſelves 
that we want, but others from whence they may 
be found; and have explain'd the Rule which 


in many ſuch Caſes we may make uſe of (199). 


To this we may now add, that the Operations 
themſelves ſometimes point out the Quantities 
that 
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that may more eaſily be diſcover'd than thoſe 
propoſed, and from whence thoſe ſought may be 
deduced : which will be more apparent from an 


Example. 
PrkoelLEeM XX. 


244. Given the Sum, and the Sum of the Squares 
of four Numbers in Geometric Progreſſion, to find 


thoſe Numbers. 


Let the Sum of the Numbers be a, and the 


Sum of their Squares . 
Let the Numbers be called == u, x, ), 2. 


The Equations are 
u X YT. T A 
un + xx Þ yy + 2 =b 


XX S ii 22 — 
| „ c 1 
Jy = xx z == 
* 


The four Equaticns are reduced to theſe two, 
xx 5 
r 
* * 
4 4 
= + xx + Y + 25 =þ 
Jy * 


And the Fractions being taken away, we 
have „ 
* ＋ x*y + 15x + y* = axy 

* ＋ K tix +y=bugy 


In which x and y are afſected in the ſame man- 


ner; wherefore I rather ſeek the Sum and Dif- 


ference of theſe Quantities: bur as I perceive 
by beginning the Computation, that it will be 
very operoſe; before I proceed any farther, I re- 
turn to the Equations in which x and y are af- 
feed in the lame manner, and conlider if it is 

poſſible 


3 


| lue is chang d into this; 


Then I have 
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poſſible to know from them what Quantities may 
be more eaſily diſcover'd ; which will, when 
known, give x and y, 

The forementioned Equations may be thus ex- 
preſſed. a; 


xx C- X x + y == axy 
* X T x 
Which are changed into theſe; 
e 
xx _ 
+ 9 x +y 


bxxyy 
4 4 2 — 
8 TY 
The laſt, by ſubſtituting for xx + yy, its Va- 


5 . ＋ 
That I may have a ſimpler Equation, I form 
the Squares of each Member of the firſt ; 
＋ 74 aaxxyy _ 
X 2) X = 2 
TJ, 9 f 


a) — byyxx+y 


. ; 
4+ T3 


Which Equation I ſee would be more ſimple, 


if I put one unknown Quantity for xy, and ano- 
ther for x +y ; that is, if I ſeek the Sum and 


Product of the unknown Quantities ; which be- 


ing given, the unknown Quantities themſelves 


are eaſily found (200.) — 
I muſt now ſee if I can find another Equation 

which alſo becomes more ſimple by the ſame 

Subſtitution ; for two Equations are required to 


determine the two unknown Quantities. 


G 2 There 


84 Univerſal Mathematics. 
There is given this Equation, 
| axy 


xx + yy = 
TI x+y 
2xy added on _ ity changes it to this, 
* = 2 
T's. hap : ＋ 2xy. 


Let us now put x y , and x + y t, and 
Subſtitution being made, there are given theſe 
two Equations. 


Which are changed i into theſe, 

t Sas + 25 
a y—2 atts 
a* 5— 2atts 


Whence as + 22 = 


ba + 2bt = a* — 2att 


a's — 2atts t, t'= 


b a i 
tt + . 1 =b. 


Which Equation being ſolv d, gives t, and 


thence s ; for 5s = 


== 


x and y are alſo diſcover'd, 
x 4 ＋ V itt — 
= 9p at + V i —, 


CHAP, 
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Of Indetermined Problems. 


\ \ 7 E have already remark'd that indetermin'd_ 


Problems may be ſolv'd like determin'd. 


ones (163.) 


But there are ſome indetermin'd Problems in 
which notwithſtanding there are more unknown 


Quantities than Equations, yet none of them can 
be aſſum'd at Pleaſure. 


Such are all Problems in which Quantities are 


to be equal to Squares or Cubes. 


In theſe, other Quantities are to be aſſum'd at 
Pleaſure, and from thoſe the indetermin'd ones of 


the Problem are to be determin'd. 


When a Quantiry whoſe Conditions are deter- 


min'd, ought to be equal to a Square or Cube, the 


whole Artifice is that the Quantity which is to be 
equal to a Square may be algebraically expreſſed, 
and put equal to a Square in ſuch a manner that 
the Equation with ReſpeCt tothe unknown Quan- 
tity may be reduc'd to one Dimenſion. 
As long as we are only concern'd with Pro- 


blems of one and two Dimenſions, the followin 


Rules are ſufficient in thoſe Caſes, where the 


Problems may be univerſally ſolv'd: When we 


cannot come at the Solution by theſe Rules, the 
Problem is only poſſible in ſome particular Caſe 
depending on the Property of the Numbers ex- 
preſſed in the Problem. Of theſe I ſhall not 
treat, becauſe I do not conſider the ſingular Pro- 
perties of particular Numbers. 
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ei 
245. When the Quantity to be determin d is of 
one Dimenſion, the Root of the Square may be aſſum d 
at Pleaſure. 
EXAMPLES. 
ax ought to be equal to a Square, and x is the 
Quantity to be @@termin'd, taking v any Num- 
ber at Pleaſure and putting ax = vv, x may 
be determin'd. EE 3 
In the ſame manner x may be determin'd in 
theſe Equations. 


b + ax = v 
b cx + ax wv 
Rure II. 


246. Wheu the Quantity to be determin'd has two 
Dimenſions, but the Square is affurmative and only 
multiplied by Unity, the Root of the Square is the Dif- 
ference betwixt the Number taken at Pleaſure, aud 
the Quantity to be determin d. 


. EXAMPLES. 
Let a + xx be a Quantity which ought to be 
equal to a Square, and x the Quantity to be de- 
rermin'd, v a Number taken at Pleaſure, the Root 
of the Square is #—x. We have hence this 
Equation. 
a + xx =vuv— 2vx ＋ xx 
a = V=— 2VX, 7; 
In which x may be determin'd. 
In the ſame manner x may be determin'd, if 
we have e 
a—bx + xx =vv—2xv + xx 
a— bx =vVV— 2XV, 


Ruff 
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RuLre III. 


247. When the Square of the Quantity to be de- 
zermin'd is ſubſtracted in the Quantity propos'd, or when 
it is multiplied by another Quantity, the Problem can- 
not be fold univerſally. But only in thoſe caſes, 
when the Quantity that ought to be equal tothe Square, 
confiſts of a Square and other Quantities, in which 
the Quantity to be determin'd is found; then the Root 
of the Square ſought, is the Difference of the Product 
of the 3 to be determin d by a Number taken 
at Pleaſure, and of the Root of the Square that is 
given in the Quantity propos'd. 

EXAMPLES. 

aa—xx ought to be equal to a Square, x is 
the Quantity to be determin'd; v is taken at 
pleaſure, and the Root of the Square ſought 
is v 42. 8 5 

aa — xx vxx — 2Uxa + aa 
X = VUX — 2 ba. 

In which Equation x may be determin'd. 

In the ſame manner in this Equation 


aa + dx + exx =vvxx — 2avx ＋ aa 
d + ex = VUx — 24vV. 

248. It is to be oblerv'd, that o may be ac- 
counted a Square; the Rule therefore may be 
applied to this Quantity dx —exx, and the Root 
of the Square ſought ſhall be vx. 5 

2249. It is to be further obſery'd, that thoſe 
Quantities may be referred to this Rule, where 
the Square of the Quantity to be determin'd is 
ſubſtracted from various Squares join d toge- 
ther; as in this Quantity aa + bb — xx, where 
x is the Quantity to be determin'd. | 


G 4 Put 
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Put x =2 -, therefore xx zZ — 22 +l, 
and the Quantity propoſed is changed into this, 
aa + 22b —zz; which belongs to the third 

Rule: and the Value of z being diſcover'd, if 6 
is ſubſtracted from it, we ſhall have . 
250. The above-mentioned Rule may alſo be 
applied to Quantities that contain Fractions, 


Loet there be ſuch a Quantity aa + bx — dxx 


0 
aacc + bex — dex 
2 een 


which may be made equal to a Square, if the 
ſame Numerator is a Square. 


let this be reduced to 


251. When various Quantities ought to be 
equal to a Square, let one be taken firſt, and 


made equal to a Square; and then making uſe 
of the Value of this Quantity ſo determin'd, let 
it be exterminated out of the other Quantities: 
And here thoſe Rules will be of uſe, that have 


been already laid down, relating to other Pro- 


blems, as will be manifeſt in the Solutions of the 
following Chapter. 


CHAP. 


— — 


— —— 


2 Foe 2 — 


— — 


— 
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CHAP. XIII. 
Indetermin d Problems. 


252. O find two Squares whoſe Difference is 
given. - 5 
Let the given Difference be a, and the Squares 
ſought xx and yy. | 
a= xx — yy 
5 a + yy = xx | 
That is, a + yy ought to be equal to a Square; 
taking v at pleaſure, we have, by Rule 2, (246.) 
X = Y — 5 | 
a + y=yy — 2vy + vp 
25 = vv —a 
vv — a 


PROBLEM XXIII. 


253. To divide a given Square into two other 
Squares. 
Let the given Square be aa, the Squares 
ſought xx, yy. 


aa = xx + yy 
aa — yy = xx 


Therefore aa— yy is to be equal to a Square: 
ov raking v at pleaſure, we have, by Rule 3. 
247. | 


* = 
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x e = 
aa— yy = voyy — 2avy + aa 
_—_y = Yo} 24 


PROBLEM XXIII. 


254+ To divide the Sum if tuo given Squares into 
two other Squares. 
Let the given Squares be aa, th, and the 
Squares ſought xx, yy. 
aa xx ＋ y 
aa + bb — yy = xx 
Therefore aa + bb — yy ought to be equal to 2 
Square; which Caſe, that it may be N to 
Rule 3. we have demonſtrated (249.) I ſup- 
poſe 
y=2—b 
5 =2*— 22b + bb 
Therefore, 
aa + 2b —2% = xx 
By Rule (247.) if vis taken at pleaſure, 
X UY— 42 
an + 22þ — 2 uE 2a ul T a 
26 — 2 VVL — 2a 


26 + 22 
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PROBLEM XXIV. 

255. To find a Number that being ſulſtracted 
from tuo given Numbers, the Remainder of each ſhall 
be a Square. 

Let the given Numbers be a, J, the Number 

ſought *, and the Squares remaining yy, ⁊x. 
mt. xn go=y 
 b—x=2%L 
hb —a + yy = xx 
Therefore — a + yy ought to be equal to a 
Square; and any Number v being taken at 
pleaſure, by Rule 2. (246.) 
_yoyzy _ 
= TY = wm 
bh — a =vv— 2vy 
a—b 
20: 


y=jv+ 


PROBLEM XXV. 


256. To find tuo Numbers, either of which being 
2 to the Square of the other, the Sum ſhall be a 

quare, 

Let the Numbers ſought be x and y, and the 
Squares mentioned uu and xx. 

xx Þ- y un 
Jy + x = zz, 

In the firſt Equation xx + y muſt be made 
equal to a Square, and then the Value of the 
Quantity x muſt be ſubſtituted in the ſecond 
Equation for x. 


If r is taken at pleaſure, 
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4 = —x 
xx + y = Fw 
_tt—y 
x = 
at 
: tt — | 
y +x=y + r 


attyy + 2t* — 2ty = qttzz (2 50.) 
Let there be taken s at pleaſure, and by Rule 
3: (247.) 
2 D 25 — 5 


attyy + 2t' — 2ty = 4160 — 12 1 "ny 


287 — 275 = 4ty © 
. 
475 — 2 
4 5 — 5, 
122 
Stts — {tt 


LIT 


PROBLEM XXVI. 

7. To find three Numbers ſuch, that their Sum 
fall 8 a Square, and alſo any two of them added 
together, ſhall make a Square. 

Let the Numbers ſought be x, ), X, and the 


Squares mentioned in the Problem rr, 5s, tt, vv. 


x Fy=rr / = - x (245) 


X ＋ T 25s 
5 ＋ T tt 
* + y + 2 = vv 


| x ＋T 55 x=535—2 (245) 
r —x+z=tt | 
rr + 2 = VV 


* 14 1 


rr — 55 + 22. =tt 
% = v z= vu —ry (245) 


l 


le 
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I chuſe the ſecond of theſe Equations, becauſe 
it is more ſimple, and the firſt is chang'd into 
this: 8 

25 — 171 — , tt. 

Now 2vv — yy — 55 ought to be equal to a 
Square, which may be referred to the ſecond 
Rule, if by what is explain'd at u. 249. we take 
away vv by putting 

„65 q—v | | 
2Vy r —$ = vv — 44 + 2qv—5s =, 

Now as v is an indetermin'd Number, taking 
g at pleaſure, I ſeek v; which Operation be- 
longs to Rule 2. (246.) Aſſuming therefore p, 
I put e =p—v. GS 

vv — 9q + 24 — 55 =pp — 2pv + vv 

=. 1D 
v == 
27 T- 27 = 
p, 9, 5 being determin'd at pleaſure, there is 
wen v, and thence r; for r =q—v»v: there- 
ore x, y, 2, are diſcover'd ; for we have 
r v vy 
x =  — 2 
0 
or 
T 29 e xu 
x =55 ep rr vv 
„ = VY — 5s 


PROBLEM XXVII. 
258. To find three Squares in continued Arith- 
metic Proportion. ES EE 
Let xx be the firſt Square, y the Difference of 
the neighbouring Terms in the Progreſſion : 


XX 
8 


xx + 27 are 
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are the three Squares; that is, the two laſt are 

to be equal to Squares: Let theſe be an, zz. 
xx + y uu uu — xXx 
xx | 2) x 
2uu — ix = LL | 


This 0 may be referred to the third 


Rule (249) if we put 
x t — 1 3 
2 — xx = un — tt | 2tu 22 
In ſeeking t from this Equation, we may ap- 
ply the third Rule; but becauſe. u is alſo inde- 
termind, I refer the Quantity to Rule 2. (246.) 
and put = | 
Xx =U—=S — _ 
un — tt + 2t4 = 55 — 254 + uu 
BT. od, 0 
— 5 25+ 2 
If now s and t are taken at pleaſure, u will be 
given; and therefore x, for x t — u, which 
being given, the Roots of the three Squares are 
known, that is x, #, 5 — 1, or 
23t+tt—ss js it 289 +55 —tt 
25  2t 25 ＋ 2 25 + 27 
The common Denominator may in this caſe 
be neglected. © 
In this Solution I have demonſtrated that this 
Problem may be reſoly'd without any particular 
Artifice by the Rules laid down before; but the 


Operation may be diminiſhed, aſſuming theſe 


Quantities which are in Arithmetic Progreſſion. 
tt + uu — 2tu 
it + uu 
tt ＋ un + 2tu 
The firſt and laſt are Squares, of which the 


Roots are t -u and t +x ; there is only the 
middle 
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middle Quantity then to be made equal to a 
Square, which belongs to Rule 2. (246) There- 
fore 
tt + un= 5s — 258 ＋ ul 
5 —tkt 


mee 


25 


Taking + and t at pleaſure, is given, and the 
three Roots are known, t — , - u, t v. 


25t + tt —5s 55 + tt 2:t + 55 —tt 


25 8 145 25 


eee 


CHAP, XV. 


Of Geometric Problems, and their 
Conſtruction. 


25 "4 the Solution of Geometric Problems, 
the Figure is firſt to be drawn, in which 


the Problem is ſuppoſed to be ſolv'd. In this 


Scheme, Lines are to be drawn, by which there 
may be form'd as much as poſſible either ſimilar 
Triangles or Rectangles, or other Figures whoſe 
Propercies we know. 

260. Lines muſt be deſign'd by Letters, and 
the known diſtinguiſhed from the unknown (13.) 
Their Relations are to be expreſſed from the 
known Properties of Figures, and from theſe, 
Equations are to be form'd afterwards : and 
then the Operations are the ſame as in other 
Problems. 

261. The Solutions of Geometric Problems 
are either Arithmetical ot Geometrical. 

262, The Sclutions are Arithmetic when the 
Relation of known Lines are expreſſed by Num- 


bers, 
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bers, and the Solution gives the Value of the | 
unknown, alſo expreſſed by Numbers; the Com. 
puration in this caſe does not differ from what 
we have ſeen above. 
2863. But in Geometric Solutions, the known 
Lines are only given, as drawn in a Plane, and 
the unknown are to be drawn and determin'd in 
the ſame Plain; and this Determination is called 
the Conſtruction of a Problem. 

264. Lines, like other Quantities, are affir. | 
mative and negative. 

Let AB be a Line whoſe beginning is A, that 
is, which muſt be increas'd or diminiſhed in the 
Extremity B. Let BC greater than AB be ſub- | 
tracted, AC will be the Exceſs ; but in ſub- 
tracting a greater Quantity from a leſſer, the 
Exceſs is negative; therefore AC is a nepatire 
Line: and in the indefinite Line DE, the Point 
A ſeparates the affirmative Lines that fall to- 
wards D, ſrom the negative ones that are taken 
rowaras Eo 
2865. By a like Method we demonſtrate that a 

Line may be taken for the Original or Limit, 
and all that are drawn to one part of it will be 
affirmative, and the others negative. 

If AB is this original Line which divides the 
affirmative Superficies towards D from the ne- 
gative one towards E; the Parts CG, CI, CL, 
NO, QR, of the Lines FCG, HCI, KCL, 
MNO, PQR are affirmative ; but CF, CH, CK, 
NM, QP, are negative. | „ 

266. The Conſtruction of a Problem is the © 
Conſtruction of the ſingle Equation that ſolves 
the Problem. 

But that theſe Equations may be conſtructed, 
ſome cf the ſimpler Problems in Euclid's Elements 
are to be made uſe of, ſuch as theſe, 


Is 
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IN THE FIRST Book. 


267. Prop. 9. To cut a given Rectilinear Angle 
into two equal Parts. 
268. Prop. 11. To draw a Perpendicular to a 


given Line from a given Point in it. 


269. Prop. 12. To do the ſame, if the given 
Point is out of the Line. 5 
270. Prop. 23. To make a rectilineal Angle equal 


to a given rectilinenl Angle. 


271. Prop. 3 1. To draw a Parallel to a given 
Line through a Point given. 5 
272. Prop. 46. To make a Square upon a given 
Hae," 1 
; In THE T'nikD Book. 
273. Prop. 1. To find the Center of a given Circle. 
274. Prop. 17. From a given Point to draw a 
Tangent to a given Circle. 


In THE Sixth Book. 


275. Prop. 10. To cut a given Line in the ſame 
Proportion that another is cut in. 

276. By this Propoſition a Line may be divided 
into any Number of equal Parts, by taking the 
ſame Number of equal Parts at pleaſure on ano- 
ther Line. 
277. Prop. 11. Given two Lines, to find a third 
proportional. i” 

278. Prop. 12. Given three Lines, to find a fourth 
proportional. | 

279. Prop. 13. Two Lines being given, to find a 


mean proportional. 


To theſe Problems the following ones are to 
be added. 5 
280. Progr. To find the Side of a Square that 


Hall be equal to tuo given Squares. 
| The 


Tan Ti; 
fig. 6. 
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The Sides of the two Squares given are to be 
join'd at right Angles (268), that there may be 
torm'd a right-angled Triangle, whoſe Hypo- 
thenuſe is the Side ſought. See Prop. 47. lib. 1. El. 

The Square of the Line AB is equal to the 


Sum of the Squares AC and BC. 


281. Prov. To find the Side F a Square that 
ſhall be equal to the Difference of two given Squares. 

Let the given Sides be AB and DE, the Side 
of the greater Square is to be cut in half in C 
(276) that a Semicircle may be deſcribed upon 
1: as a Diameter. From B there is to be ap- 
plied in the Semicircle the Chord BF equal to 
DE, then will FA be the Line ſought. See 


Prop. 31. lib. 3. and alſo Prop. 47. lib. 1. Elem. 


By the help of the Problems above-mention'd 
we may very eaſily conſtruct Equations of one 
ven: mk and alſo of two, after they are ſoly'd, 
(217). 5 — 

Bur as the Solution of Equations of two Di- 
menſions is not neceſſary to their Conſtruction, I 
will here ſhow how each Form is conſtructed. 

282. Lec there be given this Equation ; 

xx + ax —bb =o. 
or 
xx — ax — bb =0, 

Let AB ; let there be erected in A a Per- 

pendicular AC = 'a, with the Center C and 


Radius CA deſcribe a Circle: then if CB is 
drawn, BE and BD will be the Roots ſought, 


one of which is negative (215). In the firſt 
Caſe the Negative is BE, in the ſecond BD. 


D rMoONSTRATION. 


We ſay in the firſt Caſe BE =— x, therefore 
C= - x- , Whole Square is cqual to the 
Squares 
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Squares of CA ard AB; that is, a + bb : there- 
fore xx + ax + | aa =-; aa+ bb; whence xx + 
ax — bb = 0. | 


In the ſame Caie we ſay BD=x, therefore 
CB=x + ra; and again xx + act e , 


+ 3b, that is, xx + ax - Ho. 


If we put BD =- x, and EB D x, we ſhall 
by a like Reaſoning in each Caſe arrive at this 


Form xx — ax — bb So. 
283. Let there be now given 
xx Lax + bb==q 
or, ” 
xx - X ＋ b O 


Let AB , and AC perpendicular and = , Tas. J. 
with the Center C and Radius CA deſcribe a fis 
Circle: If BE is erected perpendicular to BA, 
cutting the Circle in D and E, then will BD and 
BE be the Roots ſought, which in the firſt of 


theſe Forms are both negative, and in the ſe- 


cond both affirmative (215). 


DrMONSTRATIO M. 
Draw Da, Ee parallel to BA, then Ae and BE 


are equal, as alſo Ad and BD; and Ae, eE, eF, 


and Ad, dD, 4F are proportional: that is, for 
the firſt form — x, b, a + x; and for the ſe- 
cond + x, b, a — x. Whence the very Equa- 
tions of choſe Forms are produced. 


TOE 
8 


H 2 CH AP. 


775 


TAB. I. 


fig. 8, 


FE (), :: AD (a), DC (4). 
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CHAP. XV, 
Geometrical Problems. 


PxoBLEM XXVIII. 
284. 0 inſcribe a Squaze in a given Triangle. 


Let the given Triangle be ACB, and the 
Square to be deſcribed EFHG; and from the 


Vertex C to AB lef there be drawn the Perpen- 
dicular CD. 


Let now AD=s 
| AB = 
CDS A 

. AF=y 
FE = x 


In the ſimilar Triangles AFE, ADC, AF ()), 


ax = yd 

In the ſimilar Triangles BHG, BDC, BH = 
W FE (U — Xx —5) HG = = FE (x) | 
: BD (-a), DC (qa). | 

bx — ax = db — dy — ds. 
Putting for dy its Value ax, we have 

bx + dx = db 
b+4,b::4, x ( 135). 


x being known, if in the Perpendicular DC 
you take DI equal to it, and through the Point I, 
draw a Parallel to the Baſe ; this Parallel will 
determine the Points E and G. 


px o- 
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PROBLEM XXIX. F 1. 


285. Let AB be the Diameter of a Semicircle we 
whoſe Center is C; and let D, E be two Points equi- 
diſtant from C: The Point is ſought in the Circum- 
ference, from which if the Lines FD and FE are 
drawn, the Radius may be a Mean Proportional be- 
twixt the Sum and Difference of thoſe Lines. 

Let FG be drawn perpendicular to the Dia- 
meter, and let DC= CE = a | 


FC = 
FD=x 
FE / 
CG = N 


The Condition of the Problem is this: 
| x + », b, * 
Therefore, 
| 1. bh xx — 5 
in the Triangle FDC, by 1b. II. Prop. 1 1. El. 

20. xx S aa + bb + 22. 
in the Triangle FCE, by lib. II. Prop. 12. El. 
30. y= aa ＋ % — 24x. 

This third Equation being ſubtracted from 
the ſecond, gives 
| xx — yy = 4az. 
Whence in the firſt Equation we find 
| bb = 4a% 
| 3:24, Þ, | 
Now z being known (277) the Point G is 


given; whence a Perpendicular to AB being 
drawn, the Point F is determin d. 


| OBSERVATION VI. 


286. In this Problem we ſeek Z, not x or y; 
becauſe Z has but one Value, but x or y more, 
as x fpr inſtance. This is the greater of the 


H 3 two 


Tas. II. 
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two Lines, and tho' there can but one ſuch Line 
be drawn from the Point D to the Semicircle 
AFB, yet there may be another equal to it 
drawn in the oppoſite Semicircle ; for the Lines 


Df, Ef ſatisfy the Problem. But theſe Lines are 


negative (265), therefore x has two equal Va- 
lues DF, D/, one of which is affirmative, and 
the other negative : and therefore x cannot be 


ſound but in an Equation that contains the Va- 


lue of the Square xx. This Equation may be 
diſcover'd by adding the three Equations. 
xx — yy = bb 
xx = aa ＋ bb + 2az 
yy = aa + bb —2az 


2xx =2aa + 3bb 
xx = aa + 3bb 


287. It may be univerſally, that when there is 
a Line that has the ſame relation with reſpect to 


two other Lines that ſolve the Problem ; as here 


DG, to DF and D/; then this Line is to be 
ſought, if the determining it gives the Solution 
of the Problem. 


PROBLEM XXX. 
288. The ſame things being given to diſcover the 
Point F ſuch, that the Radius may be a Mean Pro- 


portional betwixt the Lines FD, FE. 


The Lines being deſign'd with the ſame Let- 
ters as in the precedent Problem, we have theſe 
Equations. 

xy = bb 
xx = aa + bb + 2 
yy = aa + bb — 2a 
In theſe Equations there is nothing that con- 


fines x to expreſs the greater Line rather __ 
the 
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the leſſer; it muſt therefore expreſs both: ſor in 


the two laſt Equations y will be the greater, if 
L is negative; conſequently, x or y will have two 
affirmative Values. But they have alſo in the 
oppolite Semicircle two correſponding negative 
Values, therefore the Squares xx and yy will 
have two Values. If we ſeek x then, we ſhall 
neceſſarily have an Equation of four Dimen- 
ſions ; which, if we ſeek the Value of the Square 
xx, is reſolv'd as an Equation of two Dimen- 
ſions, becauſe of the two Values of this Square. 

But if z is determin'd, the Problem is alſo 
folv'd ; becauſe G being given, F is determin'd : 


But ⁊ has only two Values, one affirmative CG, 


and the other negative Cg; I ſeek therefore z, 
becauſe I ſhall have an Equation that will give 
the Value of the Square zz. 


The firſt Equation gives 
3 


XX = — 
The ſecond is chang'd 115 this, 
A =aa + bb + 2az 
And making 11 of the third Equation, 
I aa+ TT Rhee ＋ bb — 2a 


Which laſt Equation, when reduced, (171, & 


ſeq.) is chang'd into this ; 


; 22 = aa ++bb 
Let the Square 5 bb, whoſe Root is l, be don- 
bled (280); then we have the Root of the 
Square bb and ſeeking a Square equal to two 
Squares (280) the Problem is conſtructed. 


Hz  Pxro- 


Ta B» . 


fig. 2. 
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PROBLEM XXXI. 


289. Given a Square ABCD, to draw a right 


Line from the Angle A, ſo that the part FE in- 


tercepted betwixt the Side CD and the Side BC 


continued, may be equal to a given Line. 


By conſidering this Problem, without any re- 
gard to the Reſtrictions that cannot be conſi- 
der'd in the Solution, it will be evident that the 


Problem may be reduced to this: From the Point 


A to draw a Line ſo that its Part intercepted in 
the Angle form'd by the Lines DC, BC may be 
equal to a given Line. | 

And we may eaſily ſee that the Problem has 
four Solutions; for the Lines AFE, AEF, eAf, 


eAf ſatisfy the Problem; for each of the Lines 
FE, EF, ef, ef, is equal to the given Line. 


Now if we ſeek AF, the Equation will alſo 


give AF, Af, and Af, and will be an Equation 


of four Dimenſions. 


- * we ſeek DF, we diſcover beſides DF, Df, 


But we muſt obſerve, that FE, FE are ſimilar- 


ly polited, as alſo fe, fe; and therefore diffe- 


rent Lines are given, affected in the ſame man- 
ner with reſpect co FE and FE. Now ſuch an 
one 1s to be choſen from amongſt theſe, as will, 
when known, ſolve the Problem (287). 


If we conceive the middle Points LL cf the 


Lines FE, FE to be join'd, the Line joining 


them will cut the Diagonal of the Square AC | 
produced in M, and AM or CM is poſited in the 


ſame manner with reſpect of either of the Lines. 


But the Point M being given, the Problem is 


ſolv'd ; becauſe ML is perpendicular to AC, and 
CL is equal to LE which is given. 


There- 


— 


| 
| 
| 
| 
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Therefore AM or CM is to be ſought, either 
of which has only two Values AM, Am, or CM, 
Cm. 8 1 
Examining the Figure, I ſee the Computation 
will be ſimpler if CM is ſought. This therefore 


I call x, and put 


CM = x 
FE = 24 
AB 1D 
AC =c 
AF =y 
FD = 2 


The Triangles ABE, AFD are ſimilar, and 
AE () ＋ 23) AB (b) :: AF ()), FD (2). 

In the right-angled Triangle AFD, the Square 
AF (5) is equal to the Squares zz | bb, 
Again, in the Triangle ACL becauſe LM is 
perpendicular to AC, the Square AL y + a* 
is equal to the Squares of the Sides AC, CL, and 


twice the Rectangle ACM; that is, cc + aa + 


2xc. There are given therefore for the three un- 
known Quantities, theſe Equations: 1 


3 ee Hs 
1. ) =zy + 2za, or z = 7 
2%, y= 22 + bb 5 
3% yy + 2) cc T 2xc. 
By ſubſtituting the Value of z, the ſecond E- 
quation is chang'd into this: 
3 1 
* — . bb 
Fan Fa) : 
9*+ 4ay* + gaayy = 2bbyy + qbbay Þ+ 4bbaa. 
The firſt Member of this is the Square of the 


firſt Member of the third Equation, whence we 
deduce a new Equation : 
c ＋ 


16 Univerſal Mathematics. 


c ＋ 4 + Ax = 2bbyy + qbbay + 4bbaa, 


By reaſon of the right-angled Triangle ABC, 


cc = 253. 


Therefore 
Cc Ac ͤ ＋ geexx cy -Þ 2ccay — 2ccaa 

cc + 4x + qxx = yy + 2ay + 2aa. 
For yy + 2ay, I put the Valte of it that is 
given in the third Equation, and we have 
xx TAX — 2 d Oo. 


The Conſtruction of which is eaſy (282). 


OBSERVATIORN VII. 


290. But the Number of Geometric Solutions 


does not always determine the Number of Di- 


menſions of the Equation by which the Problem 


is ſolv'd. The Dimenſions of this Equation 
oftimes exceeds the Number of poſſible Solutions; 
which is owing to three Cauſes. 

When the Conditions of the Problem alge- 


braically expreſſed have algebraic Solutions, which 


cannot be applied to the Problem geometrically 
conſider d. 

There are beſides two Cauſes explain'd be- 
fore (220, 223, 235) but it may be obſerv'd, 
that what was explain'd in . 220. cannot be ap- 
plied to Geometric Problems, unleſs the Problem 


does not permit an affirmative Root to be alſo 


negative, and vice verſa : for in Geometry the 
Affirmation or Negation does frequently depend 
on the Figure which may be drawn otherwile. 
The two 8 Problems will illuſtrate theſe 
three Caſes by Examples. 


P x o- 


ee. nnd honed fron wa © > 


, x Wwauym ftnd SS wm 


TY _ — o GD 
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PROBLEM XXXII. 
291. To form a Square, the Difference betwixt 
the Diagonal and the Side being given. 
Let the Square be DCEF, let the Side be Tas. II. 
called x, and the given Difference AB= a ; the fig.3. 


' Square of the Diagonal DE =x + a* is equal 


to the Squares of DC and CE, that is, 2xx. 
C | 
xx + 2ax + aa = 2xx 
XX — 24x — 4a =0, 
This Equation has two Roots, but the affir- 
mative only ſolves the Problem : the negative 
one is equal to the Side taking away 2a; for 
if this Difference is called — x, we come to the 


fame Equation xx — 2ax—aa S oo. But this is 
not at all intereſted in the Problem geometrical- 


ly . as is evident from the Figure it- 
ſelf. 1 
PROBLEM XXXIII. 


292. There is given a Semicircle AEB, and to Tas. II. 
AB continued there is an indetermin d Perpendicular ; fig. 4. 
DF, AF is to be drawn ſo that = EF, DF, AE. 

It is evident at firſt view, that FD may be 
continued below AD, as alſo the Sermicircle con- 
tinued to a Circle, and that none of the Lines 
EF, DF, AF can be diſcover'd, unleſs we alſo 
find an equal negative Value at the ſame time. 

The Equation will therefore neceſſarily contain 
the Square of the Quantity ſought. 

EF = x 

DFS 

AE =z 

AB=a 

AD=b 

The 
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The Equations are deduced from theſe Pro. 
portions : 


— EF (x), DF (), AE 02 
AB (#), AE (z), :: AF (z+x), AD (1) 
AFZ TX =FD4 (yy) + AD (44). 
Therefore, : 
1, „ 74. 
2. 2% + 2x =ba. 


3. 22 + 22x ＋ xx —=y + bb. 


The third Equation, after the firſt and ſecond 


are ſubſtracted from it, is reduced to this: 
xx bb — ba. 


But although x is now given, the Problem is 
not yet ſolv'd; for I cannot draw AF, unleſs 


AE or DF is given, that is, X ory. I ſeek x, 


becauſe it is eaſieſt to be diſcover'd. 
The fecond Equation is changed into this ; 
2x =ba — 22 
ZLLXX bbaa — 2hazs + Lt 
Therefore, 
22bb — 22ba = bbaa — 26azz + I 


That is, 


. 4 — abzz + bbaa : = © 
— bbzz 


Which Equation has four Roots, two poſitire 
and two negative ones, equal to them; that is, 
the Square zz has two Values, but one of them 
is to be rejected (230), becauſe z* is the Square 
of the Root — zz, not of + zz; and this fol- 
lows from the Nature of the Problem, and not 
from a Line drawn at pleaſure. 


We may alſo reduce this Equation to two Di- 
menſions, if we pũt 


bh — ba = dd. ASE bes 


tu! 
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> Then x is equal to + d and —4, and ſubſti- 

tuting theſe Values of x in the Equation zx = 

la — xx, we have theſe two Equations; 

) 5 22 + dx — la o 

22 — dz — la . 

Each of which Equations has one affirmative 

and one negative Root. „„ 

1. reject both the Roots of the laſt Equation, 

becauſe we have nothing to do with the negative 

Value of x. 

4 In the firſt, I chuſe the poſitive, and reject 

the negative Root. 

293. It is to be obſervd, that this negative 
Root, with the affirmative one of the Equation 
5s | 22—2zx—ba =o, belong to impoſſible Caſes 
4 236). For if we ſeek y, we ſhall ſee that 

the Problem has two Solutions; which may in- 
deed be algebraically expreſſed, but are in rea- 

lity impoſſible. „ 
The firſt Equation is chang'd into this ; 
y* =2zzxx bb — baz. 
The ſecond is chang'd into this, 
XX = ba — 5. 


Therefore 3 
* =bb ba x ba— yy 


Or, 
| y* + bby — la So 
— bayy + bbaa. 


This Equation gives two Values of the Square 
Y. one of which is negative; and conſequently y 
has two impoſlible Values (218). 


O- 
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OSE RVATION VIII. 


294. Sometimes it happens, that the Number 
of Solutions exceeds the Number of Dimenſions 
of the Equation by which the Problem is ſoly'd 
which is a Paradox: ſince from what has been 
explain'd before (212), it is manifeſt that the un- 
known Quantity cannot have more Values than 
it has Dimenſions in the fingle Equation. 

This Caſe has place only in Geometry, and 
may ſometimes happen becauſe the Number of 
Geometric Solutions may exceed the Number of 
Algebraic Solutions. This falls out when many 
equal affirmative or negative Lines ſolve the 
Problem, for various equal Values are algebrai- 
cally the ſame Value. 3 5 

295. But it is to be remark'd, that on ſuch 
occaſions we have not always a ſimpler Equation; 
ſor an Equation may contain two equal Values 
of the ſame unknown Quantity: that is, conſi- 
dering the thing algebraically, twice the ſame 
Value. In this Equation, xx — 2ax T aa SSoõ, 
x has two Values equal to a; which, except in 
a Geometric Problem, ſigni fies nothing but that 
is equal to a: for if x a, we have this E- 
quation, - 4 So, or xx 2x4 aa o, or 
eren more compounded. But we do not always 
arrive at that which expreſſes the Number of 
equal Geometric Solutions: "This Obſervation 
is illuſtrated by the following Problem. 


PROBLEM XXXIV. 


296. In the Circumſerence of the Semicircle ADB, 
whoſe Ceuter is C, there is ſought the Point D ſuch, 
that if from it to the Diameter AB, there is draun 
the Perpendicular DE, the Rectangle under CE and 

RT 
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ED may be equal to the Square of the given Line 


FH. 
Let us put | 
CD = a 
CE = x 
DE = y 
FH = 
And we have theſe Equations: 
e OO. 
* 3 bn 
aa = xx + yy. 
And by Subſtitution, 
5 
OT bs 


x* — aaxx + b* = 9, 


Which Equation, if folv'd (217), gives. two 


Values of the Square xx; which have each a po- 
litive Root and an equal negative one: x (CE) 
therefore has two Values on each ſide the Cen- 
ter ; and four Points E, E, e, e, may be dcter- 
min'd by this Solution. x 
Each of theſe Points afford two Solutions, one 
affirmative above the Line AB, and the other 
negative below the Line; y therefore has four 
affirmative, and as many negative Values. But 


in the given Equations if we ſeek ), we have 


yt—azy+bi=zo. 


Which Equation gives only two poſitive and as 
many negative Values: The reaſon of this is 
manifeſt, becauſe of the Equality of ED, eD, 


and ED, eD (294, 295). 


297. But that this Equation x + aaxx + 5 


So may be conſtructed, it muſt firſt be ſolv'd 


(217), 
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(217), or reduced to two others more ſimple ; 
and we have e 


xx = + aa + Va — 4 
XX =+ 44 — V 4 . * I, 4” 
l ſeek a third Proportional to the Lines a and 
b (277), which I call d; then 


bb = ad, and 5* = aadd. | 
Whence V ia'—b* V a- dd (1 94.) 


Now. V Jaa — dd may be determin'd (281) 
"oj put 


aa dd =e. 
And making Subſtitution, we have 
xx = aa þ+ ae 
TY xx = LF da- ae. 
The Conſtruction of either of which is not dif- 
ficult (279). 
We might refer hither z. 199. See Pros. II. 
which does not differ from this. 


OREBSERVATION IX. 


298. We ſee how in Geometric Problems ne- 
gative Solutions are ſometimes rejected: This 
happens for the moſt part when we ſeek a Con- 
ſtruction on one ſide of a Line, which takes place 


alſo in the ſame manner on the other fide. As | 


to the reſt, Roots are rarely rejected in Geome- 
try, becauſe they are negative. For a negative 
Line differs only in Poſition from a poſitive one 
(264, 265.) Wherefore oftimes poſitive Solu- 
rions are chang'd into negative ones, and vice 
verſa only by varying the known Quanrities ; and 
various Caſes may be determin'd, only by con- 
ſidering 
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ſidering the Equation by which the Problem is 


ſoly'd : Which we will illuſtrate by an Example. 


PROBLEM XXXV. 
299. To draw a Circle which may paſs through a 


given Point, and may touch a Line given in Poſition 3 
as alſo a Circle given in Magnitude and Pofition in 


the ſame Plain. 


Let A be the Point given, BD the indetermi- Tas. III. 
ned Line given, E F the Circle given, whoſe Cen- fig. 1 
ter 18 


The Center of the Circle ſought J ſuppoſe to 
be N; drawing NC, E vill be the Point of Con- 
tact of the given and ought Circles; drawing 
NI perpendicular te B D, I will be the Point of 
Conta& of the Circle ſought, and the given Line : 
NA, NI, and NE, are therefore Radius's of the 
ſame Circle, and conſequently equal. 

I draw AB perpendicular to BD, which I 
divide into two equal Partsat M, and draw M L 
parallel to BD; I ſuppoſe Al drawn, which cuts 
ML in O, and alſo in two equal Parts, becauſe 
of the Equals AM and MB; therefore in the I- 


ſoſceles Triangle ANI, NO is perpendicular to 


Al, and NOl is a right-angled Triangle, in which 


O. is perpendicular to the Hypurhenuſe, and 


== NL, LO, LI. 
If NI is ſuppos'd produc'd to H, fo that IH 


: may be equal to EC, and ſuppoſing alſo CH 


drawn, the Triangle CNH will be Iſoſceles. 


Let there be drawn now CD perpendicular to 


BD, and let this be produc'd to G, that DG 
and IH or EC may be equal, that is, HG paral- 
lel to BD; let CG be cut in Q, in two equal 
Parts, and drawing QR parallel to BD, it will 
cut CHequally in P, _ NP will be perpendicu- 

lar 
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lar to HC, wherefore the Triangle NPH is 
right-angled, and PK is perpendicular to its Hy- 
pothenuſe, whence it follows 


NK, KP, KH. 


Let us pur 
5 BD = 24 
CQ =QG =KH=5 
AM = MB —TLI=c 
MR=LK =4d 
MO =OL =x 


Therefore PQ=KP =a—x 
We have only two unknown Quantities x and 
, which being given, N may be determin'd ; we 
| have alſo two continued Proportions, which alge- 
braically expreſſed, are 
J. x, c. 
e 
Theſe give the Equations 
3 TT - 
xx c or) = 7 


aa — 2ax + xx = db + by 


And by Subſtitution, | 
4 
aa 2ax + xx = db + _ BE 
' Whence ; 


2Ccax , aac==dbc 
9x C— =0 


cb 1 
G 


| 300. If c exceeds b, that is, if AB is greater 
than CG, the ſecond Term of the Equation is 
negative: if in ths ſame Cale aa exceeds db, that 


is, if BD exceeds double the mean Proportion 
betw1xt 


— —  — 
— 
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betwixt MR and CQ. the laſt Term will be af- 


firmative, and the Equation has two affirmative 
Roots (215); that is, two Circles have the requi- 
ſite Properties, both whole Centers are towards 
the lame part of the Line AB witu CD, but one 
of their Centers lies betwixt theſe Lines, the 


other beyond CD. 
CasÞ I, 
zor. If c remaining greater than 5, the Rec- 
tangle db exceeds aa, the third Term will be ne- 
oative, and one Root is negative, the other affir- 
mative (215); that is, the Line AB will be given 


betwixt the two Centers of the Circles that 
ſolve the Problem. 


| Cas er III. 


302. This alſo happens if þ exceeds c, and 
aa exceeds db (215); for then the ſecond Term 
is affirmative, and the third negative. 


CASE IV. 
303. But if when 6 exceeds c, the Rectangle 
db exceeds aa, all the Terms are affirmative, and 
both the Roots negative (215); wherefore both 


the Centers are on that Side AB, which is be- 
twixt it and the Line C Q. | 


FF 
304. If aa bc, the Equation is chang'd into 
this, 
Aa | 
XS EO, whoſe Roots are 


(—_— 


Xx 0 
2c a 

X — — 
cb 
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That is, one Center lies in the Line AB, and 
the other lies in the ſame part of this Line with 
CD, if c exceeds b; but otherwiſe, if b exceeds c. 


GASE VI. 
305. If c= the Equation multiplied by — 

D K* Ga] 2acy, + aac— dhc= 0 

But c —b =o; therefore we have 

b 24x = aa — db 
aa — db 
a 
And the Problem has only one Solution, the 
other Center going off in infinitum. 


306. But as to the Conſtruction of this Equa- 
tion 


4 = 


acxy f Age——bdc 
98 ee ee eg. 
we muſk ſeek a fourth Proportional to theſe 
three c —b, c, a, which we may call f; and ano- 
ther to theſe three a, b, d, which I call g; 


Therefore 3 - 
cb 
„ :: d, g, and ag bd. 


The Equation chan is changed into this 
xx—2fx+a—g x f=0 
Now finding a mean Proportional betwixt 


a—z and f, and calling it ), we have this E- 
quation 


7 


xXx 21 ＋ e 
The Conſtruction of which we have already 
explained (217). 
When 5 exceeds c, it is 2, but on the con- 
'rary — 2fx when c exceeds b, When a is grea- 
1 ter 
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ter than g, we have + hh, but — %, when g 
is greater than 4. e 


OBSERVATION X. 


| 307. In Geometric Problems it is not always 
gneceſſary to continue the Computation 'till we 
come to a ſingle Equation. For when we have 
an Equation that gives the Proportion betwixt 
two unknown Quantities, if only thoſe two re- 
main, the Figure is to be examin'd, becauſe oft- 
times from ſuch an Equation we deduce a Con- 
ſtruction; as will be evident in the following 
Problem, and in Prob. 41. 


PRO E LEM XXXVI. 


308. To deſcribe a Circle that may touch another 
Circle given ia Magnitude and Poſition, and may al- 
ſo paſs through two Points given in the ſame Plane with 


the Circle, | 
Let the given Points be A and B, the Circle Tas, III. 
given DD, whole Center is C. Fig. 2. 


Draw AB, and let it be biſected in F, and in 
that Point let FG be erected perpendicular to it. 

It is evident that the Center of the Circle 
ſought is in this Perpendicular, ſuppoſe it to be 
N; and let us conceive the Lines NA, NC, 
drawn, of which this laſt cuts the given Circle 
in E; NA, NE, muſt be equal. 

From C let fall the Perpendicular CH on FG, 


and let 
FA SD 
H c 
CE = d 
NH = x 
NE=NA =y 
In the right-angled Triangles NCH and NFA, 


we have 
5 Wi e8 I 3 NC 
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NC = CH® + NH?, and NA = AF ＋ FN; 
That is 
yy + 2dy + dd cc + xx 
yy =bb Þ aa + 2ax + xx 
I ſubſtract the ſecond Equation from the firſt. 
2dy + di=c—bb—aa—2ac | 
2 h = cc—bb—aa— dd — 2ax 
I ſeek a Square equal to cc — bb — aa— dd 
(280, 281); let this be ee. 
1 then ſeck a third Proportional to theſe two 
Quantities, 24, e, which I call j; and 
20] = &—bb—aa —dd, ,—> 
Therefore = TRE: \ 
dy = af — ax. 3 
Whence 
E «a, d. 
If now HI =, NI is equal to f—x, and it 


will be _ 
NE, NI :: a, 4. 


If we conceive I E drawn, and CL parallel 
to it, it will be allo 
ad. 


EC (Hh, IL=- 


5 we deduce this Conſtr 7 Suppoſe 
the Lines AB, FG, CH, which are given to be 
drawn, as is beſore mentioncdz! take HI=f which 


— 
is given, and IL = which is alſo giren. 1 


draw LC, and through the Point I, a Parallel to 
it IE, Which cuts the Circle DE in E and e, ; and 
through Cand E, Idraw a Line which produc'd 
cuts FG in &; which is the Center ſought, as 
is evident from what has been before explain'd. 
The Point e ſhews that there is another Solu- 
tion of the Problem, and e C produc'd, deter- 
| mines 
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mines by its Interſe&ion with the Line FL, the 
Center of the ſecond Circle. 

When N falls to the other part of the Point H, 
x 1s negative, but that does not change the Con- 
| ſtruction. 

When bb+ aa + dd excceds cc, we put bb + aa 
dd — cc = ee, and in this caſe F is negative; 
whereſore the Point I is mark'd on the other S. de 
of the Point H (264). e 


OBSFENVAT ION XI. 

309. Having already explained thoſe Things 
which are to be obſerved in algebraic Solutions 
of Geometric Problems, we may now add that 
Algebra is not always neceſſary, for in many Ca- 
ſes a Conſtruction is eaſily deduc'd from the well 
known Properties of Figures; wnerefore this 


onght firſt to be attempted before we enter on 
the Computation. = 


PROBLEM XNAXNVII. 


310. To deſcribe a Circle which mar touch two gi- 
ven right Lines, aud alſo paſs through a Point given 
in the ſame Plane. | 

Let A be the Point given; and BD, EF the TAB. II. 
Lines given, let theſe be produc'd ill they cur 'S 
each other in G; let GN be drawn, which di- 
vides the Angle DGE into two cqual Parts, 
(267), it is evident that the Center of the Circle 
ſought is in this Line. From A let fall the Per- 
pendicular AI upon this Line (269) ; it is again 
evident, that if this is produc'd, ci IH is equal 
to Al, H will be in the Circumference of the 
Circle ſought. 


* 


This premiſed, let us ſuppoſe N to be the 
Center of the Circle fought, and NM to be per- 


14 pendicular 
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pendicular to EF, NM will be the Radius of this 
Circle, and M the Point of Contact. 

All this is to be conſider'd before the Compu- 
tation is begun, which I preſently ſee would be 
unn eceſſary, if we continue the Line AH till it 
cuts EFinK; for it is evident, that KM is a 
mean Proportional betwixt the known Lines KA, 
KH (36. III E.) wherefore Mis given (279); in 
which Point if tnere is a Perpendicular erected, 
jt will cut the Line GI in N, and will determine 
the Center of the Circle ſought. 


OBSERVATION XII. 


311. There are ſometimes Conditions given in 
Geometric Problems, which cannot be algebrai- 
cally expreſſed; ; in theſe Caſes, the Solution is 
to be deduc'd ſolely from Geometric Conſidera- 


tions. 


PROBLEM XXXVIII. 


312. A Point and a Parallelogram being given in 
the ſame Plain, through the Point to draw a Paral- 
lel 10 a Line given by Poſition in the ſame Plain, with- 

01t making uſe of a Circle, 

There is tobe drawn a Parallel to BF, through 
the Point A, only by drawing ſtraight Lines, the 


5 Parallelogram IL being given in the fame Plain. 


It is evident by conſidering the Problem, that 

Algebra is here unuſeful ; for every algebraic So- 
lution produces an Equation, which can never 
be conſtructed without making uſe of a Circle. 
The Solution is therefore to be deduc'd from Geo- 
metric Conſiderations. 

I produce three Sides of the Parallelogram, 
till they cccur to the given Line in B, C, & F, 
which is alſo cut in E by the Diagonal KM pro- 

uc'd ; 


bY 
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duc'd; the fourth Side IK is produc'd indetermi- 


nütel 7. = 
This premis'd, the Conſtruction is thus : From 


A, I draw Lines to B and C; the firſt of which 
cuts the Side IK, or its Continuation, in D, 
whence I draw DE, cutting AC in G, and 
through that Point draw FG, which occurs to 
the Side IK, or its Continuation in H; AH will 
be parallel to BF. 


DEmMonSTRATION. 
From C to T the Interſections of the Lines 
FL and ED, I draw the right Line CT. 

Becauſe of the Parallels KB, MC; 
EC, EB: : EM, EK. 
And by reaſon of the Parallels DK, NM; 
EL, D:: EM K. 
Therefore = 
E, EB: + ET, ED: 
Wherefore ADB and NC are parallel ; whence 


it follows, that the Triangles CGN and AGD 
are ſimilar; and 


GN, GD: : GC, GA 
But by reaſon of the Parallels TF, DH, the 
Triangles FGT and HGD, are ſimilar; and 
| GT, GD : : GF, GH. 
Therefore = 
| CC, GA: : GF, GH 
And the Triangles CGF, AGH are ſimilar (6.VIE.) 
for the Angles FGC, HGA, being oppos'd at 
the Vertex, are equal; therefore the Angles 
CFG and AH G are equal, and AH parallel to 
FC (27. 1 E.) N 
Different Caſes of this Problem may be given, 
but the Solution of them all is eaſy from the Con- 
ſtruction 


Tas. III. 
fig. 4 
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ſtruction here laid down, which takes place in this 


Figure, wherever the Point A may be ſuppos'd. 
But when by reaſon of the Situation of the Pa- 


rallelogram, with reſpeCt to the Line BE, all the 


Points B, C, E, F, cannot be determin'd ; ano- 


ther Parallelogram | is to be drawn, which | is ea- 


ſily done when one 1s given. 

313. Let IKLM be the given Paraliclogram, 
whoſe Diagonal is KM; let there be drawn two 
Lines RS, PQ, at pleaſure, cutting each other 


in O, ſome Point of the Diagonal, the firſt occurs 


to tlie Sides IK, ML of the given Parallelogram 


in R and S; the other Line PQ cuts the Sides in 
P and Q, the Lines joining R, Qand P, 8, will 


be parallel; and being continued, as alſo the Sides 


KL, MI, we ſhall have a new Parallclogram 
TQVP. 


DrMONSTRATIO x. 


| Becanſe of the Parallels KR, MS, the Trian- 
gles MOS. ROK, are ſimilar; as alſo the Tri 
angles POM, KOQ, becauſe of the Parallels 


MP, KQ. T herefore 


SO, OR : : MO, OK. 
PO, OQ: : MO, OK 
Conſequently 


SO, OR :: PO, OQ 
Whereſore the Triangles PSO and ROU are 


ſimilar, and PS, RQ parallel. 


TE Te 
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CHAP. XVI. 
O Phyſical Problems. 


** Problems are ſolv'd like others, 
] 


we only remember the Rule laid 


down n. 183. to make uſe of what is known 
from other Principles relating to the Queſtion, 
in order to bring it to an Equation, 


PROBLEM XXXVIII. 

315. Given the Height of the Quickfllver in the 
Barometer, to determine the Height of the Quickſilver 
in a cylindric Tube, whoſe Length is given, and which 
has a given Quantity of Air included in it. | 
Let the given Altitude of the Mercury in the 
Barometer be a ; the Height of another cylindric 
vertical Tube, above the Superhcies of the Mer- 
cury, b ; we ſuppoſe this to be clos'd on top, and 
a Quantity of Air in it, which in the State of the 
exterior Air, would occupy the Space c in thc 
Tube; the Height the Mercury will be ſuſ- 
tain'd at in this Tube, by the Preſſure of the At- 
moſphere, is to be determin'd. Let this Height 
be called x. | 15 

This Problem cannot be reſolv'd, unleſs the 
Law, according to which the Air expands it ſelf, 
is known; which is, That the Space taken up 
by Air is inverſely as the compreſſing Forces. 

When the Air in the Tube takes up the Space 
c, it is compreſſed by the whole Atmoſphere, 
and the compreſſing Force can ſuſtain a Column 
of Mercury whoſe Height is a. 


Pur 
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But the Air in the Tube is dilated, and takes 


up the Space lx; and the Preſſure of the At- 
moſphere produces two Effects, it ſuſtains the 


Mercury at the Height x, and by its remaining 

Force, capable cf ſuſtaining a Column of Mer- 

cury a-, compreſſes the Air in tne Tube. 
Therefore when the Spaces taken up by the 


Air are c and (x, the compreſſing Forces are 


as ato a—x. Conſequently 
c, b==x :: ax, 4 
ca = ba lx — ax + xx 
xx — ax ＋ ba o 
„ | — bx . 
Which Equation has two poſitive Roots (215), 
but one only ſerves the preſent Purpoſe; it may 
be diſtinguiſh'd from the other (230), if we re- 


member that xx in the Equation had the negative 


Root — x. 


PROBLEM XXXIX. 

316. Given a Mixture of tuo known Metals, to 
determine how much of each Metal it contains. 

That this Problem may be ſolv'd, it is enough 
to know, that different Metals, equal in Weight, 
loſe unequal Parts of their Weights, when they 
are weighed in Water. 

Let there be given a Mixture of Gold and 
Silver, let the Weight of the Mixture be a; let 
there be given beſides, any two Pieces, one of 
pure Gold, and the other of pure Silver; let 
theſe be weighed in Water, as alſo the Mixture. 

Each of theſe Bodies loſe ſomething of their 
Weight ; let 6 be the Weight loſt of the Mixture 
a, let the Weight of the Gold be c, and the 
Weight it loſes in Water be d; let the Weight of 
the Silver be e, and the Weight it loſes f. 


Call 


P ˙ 1 aan _— 


or ES. EY 
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Call the Weight of the Gold in the Mixture x, 
and the Weight of the Silver will be a—x; let 


the Weight of the Gold, in the Mixture loſt in 
the Water, be called y, then the loſs of Weight 


ol the Silver in the ſame Mixture will be b—y. 


Ic is evident that the Weight of the Gold c is 


to the Weight of the Gold x, as the Weight loſt 


inc to the loſs of Weight in x, which muſt alſo 
be applied to the Silver e and a—x. Therefore, 
c, K 2 d. Y | 
e, a— * :: f, by 


Whence we deduce ds 
| dx cy, or y = = 


PROBLEM XL; 


317. From a given Point to throw a Body, with Tas, III. 


42 given Velocity, to a given Point B. 


When the Velocity is given, the Altitude may 


be determined, from whence a Body falling will 
acquire that Velocity: Let this be DA, which 


Line we will place vertically. 5 
It is well known in Phyſics, that a Body thrown 


whilſt it moves with an uniform Motion, along 


the Line of its Projection, does, mean while, fall 
through Spaces, which are as the Squares of the 


| Times, theſe two Motions not diſturbing each 


other. It is alſo known, that a Body, with the 
Velo- 


fig. 5. 
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Velocity acquir'd by falling from a certain Height, 


will in the {ame time it fell, go through a Space 


equal to twice the Height it fell from. 
This premis d, let AE be the Direction ſought, 
in which the Body by its projectile Motion, runs 
the Space AE in the fame time, that in falling it 
goes through EB ſuppos'd vertical. 
En ̃˙ ( 
AB =a 
AD=b 
AE x 
In the time that the Body falls through 
y, by its projectile Motion it runs through x. 
In the time the Body falls through 5, by 
its Projectile it will run through 26. 


The Spaces deſcrib'd by an uniform Motion, 


with the fame Velocity, are as the Times; but the 
Spaces fell through, are as the Squares of the 
Times. Therefore 
1 xx, q4bb::y,b 

4by= xx 

= 4b, x, y 
I produce AD to F, fo that AF = 4 AD; 1 
now ſee that the Line AE is ſo to be drawn, that 
AF, AE, EB, may be in continual Proportion; 
which they will be, if EF beingdrawn, the Trian- 
gles AEF and AEB are ſimilar, or the Angles 
AEF, EAB equal: whence it follows, that the 
Problem is ſolv'd, if there is a Circle deſcrib'd 
through the Point F, that touches the Line AB in 
A, which is very eaſy. This Circle will cut the 
vertical Line paſſing through B (32. III E.) in the 


Point E. But as it cuts this Line in two Points, 


it follows that the Body may be thrown in two 
difterent Directions. See Obſerv. 10. n. 307. 


This 


— — —— — 


12 


ET 
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This Conſtruction of this celebrated Problem is 
very ſimple and univerſal. I attain'd it by the 
Method here laid down, but afterwards ſaw it 
explain'd by Mr. Cotes, Profeſſor at Cambridge. 

If in ſeeking the ſecond Equation we had com- 
pleated the Algebraic Solution, the Conſtruction 
of the Equation that contained the Solution of the 
Problem, would have been more compounded ; 
and meer Geometric Conſiderations would, with 
more Difficulty, have brought us to this Con- 


ſtruct ion. 
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 FREFALTE. 
A LL Authors do not write meerly 
for the uſe of Beginners, neither 
| can it be reaſonably demanded of them. 
N ho could expect that Sir Iſaac Newton, 
whilſt he lays open to Philoſophers, the 
ſublimer parts of Mathematics and Phy- 
 fics, ſhould write a Treatiſe of the firff 
Rudiments of Algebra ? He being for mer- 
| + Mathematical Profeſſor at Cambridge, 
 enplain'd theſe Elements to the Muth of 
the Univerſity, and then delivered in 
the written Lectures, according to the 
Cuſtom of the Place, but never intended 
them for the Preſs: So that this Trea- 
ſure would ftill have been hid, had it not 
been publiſhed contrary to the Mill of the 
| Author. Which Action we cannot indeed 
commend, tho we congratulate the Lovers 
| of the Mathematics, that a Book ſo wor- 
thy of its celebrated Author, does no longer 
remain iu darkneſs. 
This Work would be much more uſeful, 
/ ſome things in it, elegantly, tho mY 
2 (x 
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ly expreſſed, were more adapted to the Ca- 
pacities of Beginners, and if ctbers, which 
are barely touch'd on, were more clear- 
ly explain d. Thoſe Mritings that con- 
tain muchMatter expreſſed in few Words, 
are indeed the moſt agrecable to Mathe- 
maticians, but not the moſt uſetul to all 
that apply themſelves to theſe Sciences. 
This Defett might be corrected, and yet 
the Mathematicians have no cauſe to 
complain, if ſuch IWritings were illuſtra- 
ted with Commentaries, which might be 
neglected by thoſe that found they did not 
ned them. = 
Some of the chief Mathematicians of 
the preceding Age, have not thought 
Cartes's Geometry unworthy their Com- 
ments. Neitber is Sir Iſaac Newton's 
Arithmetic leſs deſerving. It is there- 
fore to be wiſhed, that among ſo many 
eminent Mathematicians that now flou- 
riſh, ſome one or other may undertake it. 
Aud that we may engage Mathema- 
ticians to reflett on the Neceſſity of ſuch 
a Commentary, we give this Specimen 
wherein we endeatour to illuſtrate two 
Places, which are far from being the moſt 
difficult. = 


A Specimen of a Commen- 
tary on Sir Iſaac Newton's Uni- 
verſal Arithmetic. 
Page 42. 
Of the Inzcntion of Diviſors: 


O this may be referred the Inven- 
Z ton of Diviſors by which any 
& Quantity may be divided. 
1. If it is a ample Quantity, divide it 

by its leaſt Divoiſor, and the Ouotient by 
its leaſt Diviſor, and ſo on till there re- 
mains an indiviſible Quotient. So you will 
have all the prime Diviſors of this com- 
pound Ouantity, then multiply each two, 
three, four, &c. of theſe Diviſors toge- 
ther, and you will have alſo all the com- 
pound Diviſors. As if all the Diviſors 
of 60 were required, divide it by 2, and 
the Quotient 3o by 2, and the Quotient 
15 by z, and there will be an indiviſible 
Quotient 5. Therefore the prime Diviſors 
are 1, 2, 2, 3, 5; thoſe produc'd by the 
Multiplication of each two are 4, 6, 10, 
15; thoſe compos'd of three, 12, 20, 30. 
K 3 and 
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and of all 60. Again, if all the Diviſors 
of the Quantity 21abb are deſir'd, divide 
it by z, and the Quotient 7abb by 7, and 
the Quotient abb by a, and the Quotient 
bb by b, and there will be an indiviſible 
Quotient Y; therefore the prime Diviſors 
are, 1, 3, 7, 4, b, W; thoſe compounded 
of each two of theſe, 21, 3a, 3b, 7a, 7b, 
ab, bb. of three 214, 2 1b, 3ab, 3bb, Jab, 
7bb, abb; of four 2 1ab, 21bb, 3abb, 7abb; 
of live 214bb. In the ſame manner all the Di- 
viſors of 24bb — 6aac, are 1, 2, bb—3ac, 
22, 2bb—bac, abb—3aac, 2abb—oaac. 
2. If the Ouantity, after it is divided 
by all its fumple Diviſors, remains Com- 
pound, and there is a Suſpicion that it has 
a comprund Diviſor, order it according to 
the Dimenſions of any Letter that is in 
#t; and inſtead of that Letter ſubſtitute 
ſucceſſively three or more Terms of this 
Arithmetic Progreſſios, 3, 2, 1, o, —1,—2; 
and place the Numbers reſulting from 
ſuch a Subſtitution with all their Divi- 
ſors againſt its correſpondent Term in 
he Progreſſion, ſuppoſing the Signs of the 
Diviſors to be as well Affirmative as No- 
gative. Then ſeek all the Arithmetic 
Progreſſions, that can be found among ſt 
theſe Dicziſors, proceeding from the higb- 
eſt Terms to the loweſt, in the ſame or- 
der that the Terms of the Pregreſſion 3, 2, 
1, , 1, proceed; and the difference of the 
Yrogreſſious thus ſoueht, muſt be either 
| Unity, 
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Unity, or ſome other Number that divides 
the higheſt Power of the Quantity pro- 
pord: If any ſuch Progreſſion occurs, that 
Term of it in the ſame row with o of the 
firft Progreſſion, divided by the difference 
of the Terms, and then annex'd with its 
| Sign to the Letter abovemention'd, is 
the compound Diviſor to be tried. 

3. As ſuppoſe the Quantity is x*—xx 
—10x4+6. Inſtead of x I ſubſtitute ſuc- 
ceſſively the Terms of this Progreſſion 
1, 0,—1; the Numbers by that means 
produc'd are —4, 6—14, which I place 
with all their Diviſors in the ſame Row 
with their correſponding Terms of the 
Progreſſion, 1, o, — 1 in this manner. 

4 
6 
14 


12 % 7 
I, 2, 3, 6, ＋3 


4 % 7% 1, 


I 
O 


Then becauſe the higheſt Term x; is 
diviſible by no Number but Unity, I 
ſeek a Progreſſion among the Diviſors, 


| whoſe Terms differ by Uaity, and which 


alſo decreaſes from above in the ſame 
manner with the Terms of the Progreſſion 
1, O—I. I find but one Progreſſion in 
that manner 4, 3, 2, Whoſe Term in the 
ſame row with o of the firſt Progreſſion 
1, —1, is +3. I therefore annex this to 
x, and try the Diviſion by x], which ſuc- 
ceeds the Quotient, being xx—4x+2. 

bo EE, 4. Again 
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4. Again let the Quantity be 661 —9.— 
21) +3y + 20 ; I ſubſtitute inſtead of 
42, 1, 0,— 1, — 2 ſucceſſively, and place 
the Numbers reſulting 3o, 7, 20, 3, 34 
with all their Diviſors, in the ſame Row 
with the Terms that produc'd them as 
follows. . 


2030 l, 2, 3, 5,6, 10, 15, 30, 
FF 

o 20 1, 2, 4, 5, 10, 20, 

5 1, 3 

— 3411, 2, 17, 34. 


+++++ 
8 20 


I can here find only this decreaſing A- 
richmetic Progreſſion + 10, 7, + 4, +1, 
—2, the common difference 3, divides the 
higheſt Term of the Quantity 6p*. Where- 
fore I annex the Term + 4 (which ſtands 
in the ſame Row with o) divided by 3, the 
difference of the Terms to y, and try the 
Diviſion by y; or, which is the ſame, by 
3y-+4, this Diviſion ſucceeds the Quotient, 
being 2 gfi—3 -) +5. 
5. And ſo in the Quantity 244*—504*4 
+494*—1404a*+644+390: the Operation 
will be as follows. 


2 421. 2.3.6, 7. 14-21-42 [+3+3+7 
. 8 +FI—1+1 
0 30 $:3-2-£.6; 1015.30; ener 
—11297! 1.3.9.11.27. 33-99. 297 { —3—9—11 


Here there are threeProgreſſions,and their 
Terms—1—5—5, divided by the omg 
| Iſte- 
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differences 2. 4. 6, give the three Diviſors, 

—2, a-, a-. By trying, I find that 
only the laſt ſucceeds, the Quotient being 
44 — 54 +4Aaa—204—6. 


COMMENT. 


6. In order to demonſtrate that our Author's 
Method neceſlarily diſcovers a Diviſor, as ſup- 
poſe 6a—5, let us imagine it known. Now if 
in this Diviſor 6a—5 we ſubſtitute any num- 
ber for a, as 2; the number ariſing from thence 

will divide the number produc'd by ſubſtituting 
the ſame number 2 in the Quantity proposd 3 
for a may repreſent any number, and its Value 
is ſupposd to be the ſame in the Quantity and 
in its Diviſor. . | 

By ſubſtituting inſtead of a in the Diviſor 6a 
—5, the numbers 2. 1. 0.— 1. —2. ſucceſſively, 
we ſhall have an Arithmetic Progreſſion, whoſe 
Terms are Diviſors of the Quantity propos d, 
ſuppoſing the ſame Numbers, 2. 1. o. — 1.—2. 
to be put inſtead of a. 
The difference of this Progreſſion is 6, which 
difference muſt be a Diviſor of 24, or elſe 6a 
would not divide 2445, which it is neceſſary it 
ſhould, if 6a—5 divides the Quantity propos'd. 
There muſt be given therefore amongſt the nu- 
meral Diviſors, an Arithmetic Progreſſion an- 
{wering to the Diviſor 6a—5, which muſt have 
thoſe Properties our Author requires. | 

The Term —z anſwers to o, becauſe it is had 
when o is ſubſtituted for a. 

7. This Demonſtration may be applied to each 
of the Diviſors of the Quantity propos'd, and 
conſequently all are diſcover'd by this Method, 
becauſe each has a correſponding Paare 

| ut 
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But as it is not certain that no Progreſſions can be 
diſcover d, but thoſe that belong to each Diviſor, 
therefore he adviſes you to try each, and ſee if 
it divides the Quantity propos'd. 


HE PROCEEDS. 


8. If no Diviſor can be got this way, 
or none that divides the Quantity pro- 


pos'd, we may conclude it has no Diviſor 


of one Dimenſion, But it may perhaps 
have one of two Dimenſions, if it is it— 
ſelf of more than three; and if ſo, that 
Diviſor may be ſought in this manner. 
In that Quantity, iuſtead of the Letter, 


ſubſtitute, as before, four or more Terms of 


this Progreſſion 3, 2, 1, 0.—1.—2.—3. and 
add and ſubſtratt the Diviſors of all the 
reſulting Numbers,to and from the Squares 
ef the correſp-nding Terms of the Pro- 
greſſiou, multiplicd into ſome numeral Di- 
viſor of the Onantity propos d, and place 


the Suma and Differences in a Row with 


that Term of the Progreſſion ; then col- 
lett all the collateral Progreſſions that 
run through thoſe Sums and Differences. 
Let ꝙ C be that Term of one of thoſe Pro- 


greſſions that flands oppoſite to o of the 


firſt Progreſſion, T B the difference found 
by ſubftratting . C from its next ſupe- 


riour Term that flands azainſt 1 of the 


firſt Progreſſion, A tbe aforeſaid numeral 
Dirifor of the bigheſt Term, and I the Let- 
5 tes. 
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ter in the Ouantity probs d; then A IU 
Bl C/ is the Diviſon to be tried. 

9. AS if the Quantity propos'd was & — 
& —5xx+ 1%x--6; for v1 write ſucceſſi ve- 
ly 3, 2, l. 0.— 1.— 2, alid let the Numbers 
produc'd by that means 39. 6. 1 —6—21 
— 26, together with all their Diviſors in 
order, and add and ſubſtract the Diviſors to 
and from the Squares of the cor reſpond- 
ing Terms of the Progreſſion multiplied 
into a numeral Diviſor of the higheſt Term 
x* which is Unity; that is, to and from 
9. 4. 1.0. 1. 4; and place the Sums and Dif- 
ferences in the ſame row. Then I collect 
all the Progreſſions that can be form'd out 


ol them as follows. 
3 [39 1.3. 13.399 —30.—4.6. 8.10. 12.22.48. —4. 6. 
2 61.2. 3. 64 — 2.1.2.3. 5. 6.7. Io. —2. 3. 
1] 1]1. Iii s. 2. o. Os 
o 61.2. 3. 60 — 6.—3.—2.— 1.1. 2.3.6. 2.—3. 
—1 211.3. 7-21 | 1 —20.—6.—2. 0. 2. 4. 8. 2. 4.—6. 
2261. 2.13. 26141—22.—9.2.3. 5.6. 17.30. 6.—9. 


; The Terms 2 and z of this Progreſſion 
| which ſtand oppoſite to o in the firſt Pro- 
greſſion, I take ſucceſſively for T C, and 


the difference of theſe and the Terms o- 
ver them o, o, which is —2 and + 3, I 
take for T B, Unity for A, and x for J; 
and ſo inſtead of AU+ BI C, Thave 


—— — 


10. 
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10. Again, for the Quantity 33 —614 + 
9 —3 75—147-+ 14, the Operation will be 
as follows ; firit, I atrempr the thing by 
adding and fubſtrating the Diviſors to 
and from the Squares of the Progreſſion 
2, 1,0, 1, taking 1 for A, but it does not 
ſucceed ; wheretore for A, I take 2, ano- 
ther numeral D:viſor of the higheſt Power 
355, and then I add and fſubſtrac the Di- 
viſors to and from thoſe Squares multi- 


plied by 3, that is, to and from 12. 3.0.3, 


» 


and I find there are, 


170 


1 79 FCC 
2Þ 381t. 2.19. 38.12 —26.— 71. 0. 11.13. 14.3 1.50 — 7. 11 
1 1011.2. 5.10. 3. — 7.— 2.1. 2. 4, 5. 8. 13—7 . 3 
o 141.2. 7-14] Of 14.— 7.— 2.—1.1.2.7.14J—7.— 1 
—1 101.2. 5. 10.] 5|—7 — 2. 1. 2. 4. 5. 8. 13—7.— 7 
— 21190 | [12 [—7.—13 


Theſe two Progreſſions amongſt the re- 
ſulting Terms, —7.—7.—7.—7. and 11. 5. 
—1.—7. for Expedition I neglect the Di- 
viſors of the Extreams 170 and 190; where- 
fore continuing the Progreſſions, I take 


the Terms anſwering to them, 98. —7 and 
17 above, and—7, and —13 below, and try | 


if thoſe ſubducted from 27 and 12 in the 
fourth Column leave a difference that will 
divide 170 and 190; and I find the diffe- 
rence betwixt 27 and —7,that is 34, divides 
170, and 19 the difference betwixt 12 and 
—7 divides 190; alſo the difference be- 
twixt 27 and 17, ig. 10 divides 170, but 
25 the difference of 12 and —13 does not 

— wo Ji. 


- 


| \ 
1 3 1 1 A. 
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divide 190, wherefore I reject this laſt Pro. 
greſſion. Now in the firit + C is —7, and 


＋ nothing, the Terms of the Progreſ— 


ſion having no difference; wherefore the 
Diviſor to be tried ABI & C will be 
30 + 7, by which the Diviſion ſucceeds, 


the Quotient being y*—2pp—2;j+ 2. 


Cou ME NT. 


The Demonſtration of this Method differs very 


little from the Demonſtration of the forgoing one. 
11. In the firſt Example (9) let xx—3x+3 
be the Diviſor of the Quantity propos'd x*—x? 
— 5 x 12x—6. 
If this Diviſor is ſubſtracted from the Square 
of xx, the Remainder is + 3x— 3; if in this 


Quantity we ſubſtitute ſucceſſively 2, 1,0.—1.—2. 


for x, we ſhall have an Arithmetic Progreſſion 
whoſe difference in aſcending is 4 3, and which 
when o is ſubſtituted, is —3, from which Progreſ- 


ſion the Diviſor may be collected by the Rules of 


our Author. 

No ſubſtituting any Term of that Progreſ- 
ſion, ſuppole 2, in the given Quantity, there will 
be among the Diviſors of the Number produced 
by ſuch a Subſtitution, a Number that will be 
found by putting 2 inſtead of x in the Diviſor xx 


 —3:+3, and ſubtracting all the Diviſors from 


the Square of the Number ſubſtituted, viz. 4, 
there muſt be neceſſarily found amongſt the Dif- 
ferences ſo produc'd, that Term of the above- 
mentioned Progreſſion, that anſwers to the Num- 
ber 2. 

From hence it follows, that this Progreſſion will 


neceſſarily be found amongſt thoſe Numbers, that 
the 
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the Author has ſought it in, and that every Di- 
viſor will give a like Progreſſion. 

Our Author does not only ſubſtract the nu- 
meral Diviſors from the Squares of the ſubſtitu- 
ted Numbers; but he alſo adds them together, 
| becauſe this Addition is the Subſtraction of a 
negative Diviſor. | NE 


LI 


Before the Addition or Subſtraction of the 
Diviſors, the Author multiplies the Square of the 
Number ſubſtituted by one of the numeral Di- 
viſors of the higheſt Term, as in the ſecond Ex- 
ample by 3; the reaſon of which Operation will 
be manifeſt, if we apply the laſt Demonſtration to 
the Diviſor in the ſecond Example, 3 yy + 7. 


HE PROC EE UVS. 


12. If no Diviſor that ſucceeds can be 
found by theſe means, we may conclude 
that the Quantity propos'd does not ad- 
mit of a Diviſor of two Dimenſions. The 
ſame method may be extended to the find- 
ing Diviſors of more Dimenſions, by ſeeking 
in the aforeſaid Sums or Differences, not 
Arithmetic Progreſſions, but ſuch whoſe 
firſt, ſecond or third Differences, are in A- 
rithmetic Progreſſion: but the Learner 
need not be detained with this, 


(oO u M ER N T. 


13. It is not enough to diſcover ſuch Progreſ- 
ſions, for it does not fo eaſily appear howDiviſors 
can be form'd from ſuch Progrefſions. And be- 
ſides, Diviſors of three Dimenſions may be diſ- 
cover'd by Arithmetic Progreſſions only. 


14. 
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14. Let the Quantity to which we want Di- 
viſors of three Dimenſions be 7 


* + 12x* + 4xx + 4x +3, 
I form the firſt Column of nine or ten Terms 
of this Arithmetic Progreſſion. 


4 3.2.1. 6.1.2.4. 


In the ſecond, I ſet down all the Numbers a- 
riſing from the Subſtitution of each of theſe in 
the Quantity propos'd. 

The third contains the Diviſors of the Num- 
bers in the ſecond Column; all this is done the 
ſame in Diviſors of whatever Dimenſions. 
The fourth Column is form'd of the Cubes of 
the reſpective Numbers in the firſt, multiplied by 
ſome numeral Diviſor of the higheſt Term of the 
Quantity propos'd with any number; that in the 
third Column ſtands oppoſite to o, added to, or 
ſubſtracted from them 

Ex. gr. 1 multiply the Cubes 64. 27. 8. 1. 0.—1, 
—8.—27.—64. by one, the only numeral Diviſor 
of the higheſt Term x*;and to the Products add, 
or ſubſtract from them, either x or 3, which ſtands 

in the third Column oppoſite to o. I here add 3, 
and they become 67. 30. 1 1. 4. 3.2.—5.—24.—61. 
In the ſame manner theſe three other Columns 
may be form'd. 


61. 24. 5.— 2—3—4—11—30— 67 
VVV 
63. 26.7. 0 — 1 =2 — 9g —28 —65 


1ſt 


8 


3 | 
g —— — 2 — 9 2 6 + 9 1 
— 01 5 w 5 ex: *OT _ wa 
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To each of theſe ſour ſeparate Columns, there 
muſt be the ſame Operation, applied, that we 
are now going to apply to the tit of them. 

I add to, and ſubſtract from each Number 
in the fourth Column, the correſponding Divi- 
ſors in the thi;d Celumn, and ſet down the 
Surns or Differences (divided by the reſpeCtive 
Numbers in the irſt Column) in the fifth Column. 

1 write no Number in the fifth Column op- 
poſite to o, but conceive all Numbers Poſitive and 
Negative to be there. | 

It will be ſufficient to make uſe of only four 
or five of the leſſer Numbers of the ſecond 
Column, in order to form the third and fifth 
Columns, leaving the Places of the reſt vacant, 
as in our Example. 

I now run over the Numbers of the fifth 
Column, to ſee what Arithmetic Progreſſion I 
can form out of them, and I diſcover five, which 
I fer down in the 6 Column: (I have here only 
ſet down three.) I then examine whether they 
can be continued upwards and downwards, by 
trying whether their Terms would have been 
found in their correſponding Lines of the fifth 
Column, if they had been continued, by which 
we avoid the long Computation that would have 
been neceſſary to continue the fifth Column. 
I. Theſe Trials are only the reverſe of thoſe 
Operations that the fifth Column was form'd by. 
If the Progreſſion diſcover'd — 2 — 4—6 —8, 
is continued down, the Term of it that anſwers 
to —3 in the firſt Column, is — 10, which 
Number ought to be in the fifth Column, that 
the Progreſſion may be continued; but if this 1s 
in the fifth Column, then if it is multiplied by 
—3, and the Product 3o ſubſtracted from its 


correſpond ing Term in the fourth S 
oo 
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Remainder will be ſome Number in the 3“ 
Colump, that is, ſome Diviſor of the correſpond- 
ing Number in the ſecond. Therefore if 6 ex- 
actly divides 432, the Progreſſion goes on; but 


if not, it is interrupted; and is therefore to be 


rejected. 

It is ſufficient to try this Continuation in a 
few Terms, for otherwiſe the Operations would 
take up more time than the determining a Di- 
viſor from the Progreſſion, and trying it; for 
every Progreſſion gives a Diviſor to be tried. 

By trying their Continuation in this manner, 
all but the firſt Progreſſion is interrupted; and 
therefore this alone is to be made uſe of. 

16. By the help of this Progreſſion, and the 
following Rules, I form the Diviſor to be tried. 
10. J multiply x* by the Diviſor of the firſt 
Term of the Quantity propos'd, by which 1 
multiplied the Cubes of the Numbers of the 


firſt Co'umn, in order to form the fourth. This 


Diviſor, in our Example, is 1, and the Product 
x* is the firſt Term of the Diviſor. 
zn, The difference of the Progreſſion in 
aſcending, is +2; I change its Sign, and —2 x* 
is the ſecond Term of the Diviſor. 
3, The Term of the Progreſſion oppoſite to 
o in the firſt Column, is — 4; I cnange its Sign, 
and 4x is the third 'Term of the Diviſor. 
hh, Laſtly in ſorming the fourth Column, 


I added 3 to the Cubes of the firſt Numbers, 


and +3 is the laſt Term of the Diviſor. 
'The Diviſor to be tried is therefore 


x*—2xx+4x+3, 
And trying it, I find it ſucceeds, 
You muſt obſerve, thar in the firſt and laſt 


Terms, the Signs are kept, and chang'd in the 
middle Terms. | 


D- 
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DEMONSTRATION. 


17. The Demonſtration of this Method has 
the ſame Foundation with the preceding one. 

By ſubſtituting any Number, ſuppoſe 2, in the 
Diviſor of the Quantity propos'd, as in * 
—zxxÞ4x+3, inſtead of x there will be had 
a Number which exactly divides the Number 
produc'd, by ſubſtituting the fame Number 2 in 
the Quantity propos'd. Such a Diviſor will there- 
fore be found in the 3" Cclumn, anſwering to 
the Number ſubſtituted in the firſt, 5 

The firſt Term of the Diviſor (it being of 
three Dimenſions) is x* multiplied by ſome nu- 
meral Diviſor of the firſt Term of the Quantity 
given. ooo öüꝝ 

The laſt Term of the Diviſor, is the Diviſor 
of the laſt Term of the Quantity propos'd, 
which is therefore to be found in the 30 Column 
oppoſite to o in the firſt, if we ſuppoſe that 
regative Numbers may form this Column as 
well as affirmative ones. 

Whence we may conclude, that the fourth 
Column contains the Sum of the firſt and laſt 
Terms of the Diviſor, when the correſponding 
Number in the firſt Column ſtands for x. 

So our fourth Column is form'd by ſuch a 
Subſtitution in x . . 

And there can be no Diviſor, whoſe firſt 
Term and laſt together, does not form ſome 
fourth Column, the Number of which is ſome- 
times ſo great, that it makes the Metliod uſe- 
leſs, for there are 192 if the firſt Term of the 
Quantity propos'd is multiplied by 24, and the 
laſt Term 1s 60. 

If from this Sum x*+3 we ſubſt ract the Di- 
viſor it ſelf x*—2xx+4x+3, there remains the 

L3 ſecond 
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ſecond and third Terms, with their Signs 
changed 2xx—4x, and dividing it by x, the Quo- 
tient is 2x—4. Now from the Formation of the 
fifrh Column, it is evident it muſt contain 2x—4, 
| ſuppoſing the correſpondent Number in the firſt 
Column ſubſtituted inſtead of x. 


It is alſo evident, that by a ſucceſſive Subſti- | 


tution of the Numbers in the firſt Column for 


x ; this Quantity 2 —4, will form an arith- 


metic Progreſſion, whole difference 1s 2, and 
the Number oppoſite to o in the firſt Column is 
—4. It is alſo plain, that there can be no Diviſor 
of the Quantity propos'd, but what in ſome 
fixth Column (of which every fourth will have 
one) will have an arithmetic Progreſſion by which 
the Diviſor is diſcover'd. „„ 
For the fourth which we make uſe of, gives 
the Sum of the firſt and laſt 'Terms, and the 
arithmetic Progreſſion diſcovers the two others. 


HE PROCEEDS. 


18. When in the Ouantity propos d, 
there are two Letters, and all the Terms 


riſe to the ſame Number of Dimenſions, put 
Unity for one of thoſe Letters; then by 
the preceding Rules ſeek the Tiiviſor, 


and fill up the deficient Dimenſions of 


this Diviſor by reſtoriug that Letter for 
Unity. 


As if the Quantity was 6) —c9? —21 


ccyy + 3c , 20 c where every Term is 
of four Dimenſions; I put 1 for c, and it 


becomes 6). 21 P3520, whoſe 


Diviſor is 3)+4; and compleating the 
| de- 


9 
i 
V 

( 
4 
« 

| 

\ 
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deficient Dimenſion of the laſt Term by 
the Dimenſion of c, it becomes 3y+ ac, 
which is the Diviſor ſought. So if the 
Quantity is x#-—bx3—5bbxx+12bx —6b, 
putting 1 for b, and finding the Diviſor 
of rhe remaining Quantity x -& —5xx 
412x—6, which is x*+2x—2; I com- 
pleat its deficient Dimenſions by the Di- 
viſions of ;, and fo I have the Diviſor 
ſought, xx + 2bx—24b, „„ 


CO M M. k N r. 


19. It is is evident that the Quantity b muſt. 
be in the Diviſor, and that it is only wanted 
where the Dimenſions are deficient; conſe- 


quently this wants no farther Demonſtration. 
HE PROCEEDS. 


20. When in the Quantity propos'd- 
there are three or more Letters, and all 
its Terms have the ſame Number of 
Dimenſions, the Diviſor may be found 
dy the preceding Rules, N 


CO MME N r. 


It will be evident by an Example how we 
muſt proceed, when there are three Letters in 
the Quantity propos d. Ca 
21. Let the Quantity be 
1 2x*—10ax* — 36aax*+240%x*=40* bx+ 124% 

— 9bx*Þ 12abx*—84*bx*]-6a*b*x+32 a*b*. 
- + 6bbx* 8a —12ab'x — 1265 
24 b * 18 


LI == 
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, For a and b, I ſubſtitute Unity, and 

che ner propos'd is chang'd into this, 

12x*—19xt—8x*—16 x* + SXx 32 
Whoſe Diviſor of two Dimenſions I diſcover 
to be 

* *. 
2 7. For a 1 ſubſtitute o, and Unity for 5; 
na then the Quantity is chang into this, 


1 — 9x* + 6x* — 24xx-þ 18x — 12. 
Whoſe Diviſor of two Dimenſions is 
qxx— zx ＋ 2. 
3% For al Cobfirure 1, and o for b, and 
I ave N 1 
12 * — lo — 26x* + 24x x. 
Which I divide by xx, and it becomes 
128 — 10 26 ＋ 24. 
Whoſe Dirifor of two Dimenſions I find to be 
4xx + 2X —6. 
This is had by finding a a Diviſor of one Di- 


mention 3x —4, and di iding by it rhe Product is 
4\X+ 2X6, 


Theſe three Diriſors are the ſame Diviſor 
ſought. 


Axx - Xx — 4. 
4x — 3x + 2. 
4xx + 2x — 6. 


And therefore that Term in which x or its 


Powers are alone, is found in each of them, that 
18 | 


xx. 


In 
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In the ſecond Diviſor, all the Terms are de- 
ficient in which à is given, and all with 4 alone, 
o' and x together, will be had by compleat- 
ing the Dimenſions of 6b; theſe Terms therefore 
are, 

— 3bx ＋ 265. 


In the ſame manner the third Diviſor gives 
the Terms that have a, or à and x in them. 


＋ 2ax— 6aa. 


The Term of the Diviſor that has ab in it, is 
diſcover'd by collecting into one Sum the laſt 
Terms + 2, —6 of the ſecond and third Divi- 
lors; wien Sum we ſubſtract from the laſt Term 
— 4 of the firſt Diviſor, and multiply ab by the 
Remainder, keeping its Sign, in this Example the 
Remainder is o, which ſhows that 'Term not to 
be in this Diviſor. ; 

The reaſon of this laſt Operation, is, that in 
the firſt. Diviſor —4, ſhows how often aa, bb 
and ab, are found together in the Diviſor ſought, 
becauſe a and b are repreſented by Unity; + 2 
ſhows how often bb, and —6 how often aa is 
contained in the ſame Diviſor ; therefore ſub- 
ſtracting +2 —6 from —4, we have the Num- 
ber of ab. 1 

Collecting now all the Quantities diſcovered 
into one Sum, we have the Diviſor ſought, 


xx — 3x + 20b. 
I 24x — Ga. 


22. When various Diviſors are diſcover'd in 
each Subſtirution, they only are to be compar'd 
together that have the ſame firſt Term, as is 
very evident. 


L 4 But 
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But if there are many found in each Subſtitu- 
tion, that have the ſame firſt Term, the Opera- 
tion will be very ur certain. 

This ſame Method may be applied to four, five, 
or more Letters. - 

23 As for Example, ler the Letters be a, b, 
c, d, e, there muſt be ten Si.bſtitvticas made, and 
that Letter alone muſt be left mould, accord- 
ing to whoſe Dimenſions the Quantity is 6: der- 
ed; let this be a, the Subſtitutions then will be 


1. b==1. & c={=2e=0, 
2. 1. & A eo. 
3. d =I. & b==c=0, 
4. e =I. & b=c=d=0, 
5. b=c =1. & d=e=0. 


6. Sd =1, & co. 
7. b=e Al. & d s. 
8. c=d =1, & b=e=0. 
9. (Se Al. & U Ado. 
10. de =1,& b=c=0. 


Theſe ten Subſtitutions produce as many dif- 
ferent Quantities, whoſe Diviſors are to be 
ſought; and thence the ſame Diviſor will be 
diſcover'd ten times, and then by comparing 
them together you will find the true one. 

24. If the Quantity propos'd has many Di- 
viſors with the ſame firſt Term, then it is to be 
order'd according to ſome other Letter. 


Hr PrOCEEDsS. 


25. But the Diviſor will be diſcovered 

more expeditiouſly in this manner. 
Seek all the Diviſors of thoſe Terms 
in which a certain Letter is not Joann; 
ang. 
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and then the Diviſors of all thoſe Terms 
in which ſome other Letter is not found; 
and ſo in like manner the Diviſors of 
thoſe Terms in which the third, fourth 
and fifth Letters are not found, if there 
are ſo many Letters, and run through all 
the Letters in this manner; then op- 
poſite to cach Letter, place the reſpective 
Diviſors ; and ſec if in any Series of Di- 
eiſors, running through all the Letters, 
thoſe parts that involve only one Let- 
ter, are repeated as many times as the 
number of Letters, leſs by one in the 
 Onantity propos'd: Aud the parts in- 
oolving two, as many times repeated as 
the Number of Letters, leſs by tuo, &c. 
Tf fo, all thoſe parts once taken with 
their reſpettive Signs, will be the Divi- 
for ſought. 
As if the Quantity propos'd is, 12x? 
—14 bxx + cx — 12 lx lex + 8ccx 
+813 — 12 lle - 4c + . The Di- 
viſors of one Dimenſion of the Terms 81 
—12 he — 4 bcc + 6c, in which x is not, 
will be found by the former Rules to be 
25 — ze, and 4b — 66, the Terms 12 & 
+9 exx +8 ccx + 665, in which b is not, 
have only one Diviſor, 4x +3c; and the 
Diviſors of 12x* — 14 bx* — 12 bbx + 8h}, 
where c is not, are 2K — b, 4x — 2b. [ 
place theſe Diviſors in a Row, with the 


Letters x, b, c, as follows, 
x 
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* 250 — 30. 40 — Oc. 

5 4X + 3c. 

Cj 2x — b. ax — 2. 


Now as there are three Letters, and 
each part of all the Diviſors involves but 
one Letter, thoſe parts ought to be twice 
repeated in the Series of the Diviſors; 
but the parts 41, 6c, 2% , Hof the Di- 
viſors 46 — c, and 2x — &, occur but 
once; that is, are found no where but in 
that Diviſor they are a part of: wheretore 
I neglect thoſe Diviſors. There remain 
then only three Diviſors, 20 — 3 c, 4x3, 
and 4K - 20; theſe three go through all 
the Letters, and each of their Parts 24, 
3c, 4X, is twice repeated in them as it 
ought, and with the ſame Signs too, if 
the Signs of the Divifor 2 5 ze is chang- 
ed, and turn'd into —2b+3c; for the 
Signs of every Diviſor may be chang'd. 


I take therefore all the Parts of theſe 


2b—3Jc, 4x With their Signs, and the 
Sum 2b +£3c + 4x, will be the Diviſor 
ſought. For if you divide the Quantity 
propos'd by it, there will come out 3xx— 
a2 bx + 2cc— 4 bb. 
Again, if the Quantity is 12 ** — 1048 
9 lx 4 26 aa +12 abx* + 6G + 
24a u K — baabxx — 8abbxx — 24 LX 
4a lx Gaabbæ — 12 alsx + 18 t4x + 
12 4 +32 aal; — 1215; I place the 
Diviſors of thoſe Terms, in which x is 
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got oppolite to x, the Diviſors of thoſe 


without à oppolite to 4, and thoſe of the 
Terms without 4, oppolite to b, as here, 


x I5, 2b, 40, aa E 3bb, 2aa + 6b, 444 + 12 bb, 
by ==3 aa, a=" $66. 46012 4a, --- 
a xx = 3 by 4 20h, 12 . 
x, 2 Xx, 3 N, 4a, G —= $9; z 44x, . 
8 ax, 2 4X K ax, 3 aa, 4 XX 2 ax, 6 aa. 


Now I ſee that all of one dimenſion 
muſt be rejected, becauſe the ſimple ones 
b 2!, 4b, x 2x, and the parts of the Com- 
pound ones 3x — 4 4,6 x —- 8 a, occur but 
once in all the Diviſors; but there are 
three in the Quantity propos'd, and thoſe 
parts involve only one Letter, therefore 
they 3 70 to be tound twice. In like 
manner I reject the Diviſors aa + 3 bb, 
2aa 61, 4aa+12bb, bb —3 ar, and 
4 bh — 12 aa of rwo Dimenſions, b=cauſe 
their parts a, 2 a4, 44a, bb, and 4 bb, in- 
volving only one Letter, ar- found only 
Once ; bur the parts of the iviviſor 2 — 
Gaga, Which only remains in the Row with 
x, Which allo 1:;voive ne Letter, are found 
again; that is che part 2 % in the Diviſor 
4 ** — 5 ＋ „, and ihe part 6 aa in 


the Diviior 4xax + 24: - 5: And theſe 
three Viviiors itan:! Opoolite to the three 


Lettie os „ , and all cheir parts, 2 bb, 
Sa, 4. iich ins avs only one Letter, 
are our ce in them under their proper 

Sigus; 
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Signs; but the parts 3 bx, 2 ax, which 
involve two Letters, occur only once. 


Wherefore the different Parts 2tt, 6an, 


Axx, 3bx, 2ax of thoſe Diviſors, con- 
nected under their proper Signs, makes 
the Diviſor deſired 200 — 6 aa + 4ax — 
31x + 2 ax. I therefore divide the Quan- 


tity propos'd by it, and there ariſes 3x* — 


Aaxx —2aab — 683. 


COMMENTARY. 


The Demonſtration of this Method is very 
„ | 1 E 

26. Let the Diviſor of the Quantity propos'd 
he © „5 
4xx—3bx + 236. 

+ 2 ax — Gaa. 


The Author ſubſtitues o ſucceſſizely for each, 


Letter, rejecting every Quantity which has that. 


Letter in it, both in the Diviſor and Dividend, 


by which means the remaining Diviſor divides 


the remaining Dividend as before. 
This Diviſor, taking away x, becomes 


2 bb — aa. 
which divides the Quantity propos'd, when x is 


taken out of it, that is, the Diviſor of that part 
of the Quantity propos'd, that has not a in it. 


Taking away 6, the Diviſor is 
A xx T 2a — aa. 
Taking away a, it is 


4 xx — 3bx + 2 


Which 
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Which Diviſors muſt be neceſſarily found a- 
mongſt thoſe Divifors that the Author makes uſe 


of. 


It is alſo evident, that there are as many Di- 


viſors as Letters, that is, the ſame Diviſor ſo 
often repeated. 


In which repetition the Quantities that con- 
tain only one Letter, will be neceſſarily in all; 
bur where o js put for thar Letter, the Quan- 
tities that contain two Letters, will be found e- 


very where, but in thoſe two where o is put for 
thoſe Letters. 


Whence it is manifeſt, that the Author diſco- 


vers by his method, all the Terms of the Di- 
viſors ſought. 5 


29. If there are many ide of the ſame 
Dimentivas the Series of the Diviſors that are 
run through, are to be ſeparated, and each will 
give one Diviſor. 

What remains of the Author relaring to this 
Affair is here added, but ir does not need a Com- 
mentary. 


HE PRO CEE Vs. 


30. IF all the Terms of any Onantity 
are not equally high, the deficient Di- 
menſions are to be filled up by the Di. 
menfins of any aſum'd Litter, and then 
when the Diviſor is found, that Letter 
is to be blotted out in both. As if the Quan- 
tity was 12 & — 14 lxxe + 9 xxx —12 Lbs 
— & +8 x + 865 —12 bb —4b +6, 
aſſume any Letter, as c, and compleat the 
Dimenſions of the propos'd Quantity with 
it in this manner; 12 4 — 14 b +gcywv 

— 12 
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c [3 — falle 
4/cc + 6:5; then finding the Diviſor of 
he 4x — 25 + ze, take AWAY c. and 
there will be the Diviſor deſit'd 4 x — 25 
E 
31. Sometimes Diviſors are more caſi- 
ly diſcover'd than by theſe Rules; as if ſome 
Letter in the Quantity propos'd is only of 
one Dimenſion, then you mult ſeek the com- 
mon Diviſor of thoſe Terms that have that 
Letter, and thoſe that have nor, for that 
common Divitor divides the whole; and if 
there is no common Diviſor of this ſort, 
then there will be no Diviſor of the whole: 
as if there was propos'd the Quantity x f— 
x3 — 8 naxx + 18 ax ca — arxx— 
dance + 6 - 8 44, let there be ſought 
the common Diviſor of the Terms ＋ ex! 
— Acxx — 8 aacx Gas, in which c 1s 
only of one Dimenſion, and of the re- 
maining Terms x* — 3 ax* —8qgaxx + 
18 ax — 8 a, and that Diviſor xx + 
24% — 2 aa divides the whole Quantity. 


SY 


| 
| 


| 
| 
| 
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Sir I8aac NEwTONS 
DODniverſal Arithmetic, 
Page 59. 


ARVULEFOREXTRACTING THEHIGHER 
ROOTS OF NUMERAL QUANTITESOF 


TWO PARTS:-COMMENSURABLECIN 
PoOW-ER: 


Let the Quantity be A + B, its gr ateft 


p.'rt A, the Index of the Root to be ex- 
-— Wt aftedc ; ſeek the leaſt Num! er u, whoſe 


Power ue, can be divided by A* — 845, 


Tot Hout a Remainder, and let the O o- 


tient be Q, compute By A+ BX Vin. the 
' neareſt integer Numbers, and ſuppoſe it v, 


divide Ay My tsgreateſtr ationalDiciſor, 


let the Quote be „ aud tale Tx Ii tbe 


neareſt integer Numbers le t, and 
ts LEVI ttss — 72 will le the Root ſought, 


if the Root can be extrafled. 
As if the Cube Root was to 


be extracted from 958 + 25, AA—BB, 


will be 343 its Divilors 7,7, 7; therefore 


72 = 7, and Q=1. Again, A+BxVQ. 
or 968 + 25 (extracting the firlt part of 
the Root) is a little more than 56 its 
Cube Root in the neareſt Numbers is 4, 


there- 
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therefore 1 = 4, alſo AV Q or 968, ex. 
tracting all that is rational, becomes 
220 2, therefore its radical Part y/2 is 


3 


sand ” +5 or in the neareſt integer 


2 $ 


Numbers is 2, conſequently ? = 2. Laſt- 
ly, 7s is 2\V 2, Vita 15 I, and V Q 


6 | 
or Vi is 1, therefore 2 / 2+1, is the 
Root ſought, if the Root can be extrac- 
ted. I try therefore by Multiplication, 
if the Cube of 2% 2 ＋ 1 is 968 + 25, 
and I find it ſucceeds. 0 

34. Again, if the Cube Root was to 
be extracted of 68 —V 4374, AA - BB 
will be 250, whoſe Diviſors are 5, 5, 5, 2; 
therefore 2 = 5X2 = 10,and Q= 4, and 


"=: IO .— 2 2 — — : 
vVAFBxy Qory 68+V4374X2, 1 
in the neareſt integer Numbers, 7= x ;al 


ſo AV Q, or 68 4, extracting the 
rational part, becomes 136y/1; there- 


10 
— 
7 
2 


fore «= 1 and +7 or TT is in the 
neareſt integer Numbers 4 = 7 : therefore 
2c | 6 
ts =4V ttss - V and SAV 
3 S 


or / 2; and therefore the Root to be 
. 4:4 —VO- 
3 


tried is 


V 2 = 
35. Again, if the Quadrato-Cubic of 
the tfch Root was to be extracted from 
29 


| 


tried 
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29/ 6 +41y/ 3rhenA A—BB=3,and there- 
fore 2 = 3, Q=81,r =5,5=V6,7=1, 


. Vitss—a = 3; N = 


* $4 or * 9, and therefore the Root to be 


Vo 1 


v 3 
3 But if in theſe Operat ions the Quan- 


tity is a Fract ion, or if its Parts have a com- 


mon Diviſor, extract ſeparately the Roots 
of che ND:nominator and of the Factors: 


As if ihe Cube Root was to be extracted 


from 242 — 12+, this by reducing its 
Parts to a common Denominator becomes 


E then extract ſeparately the 
Cube Roots of the Numerator and Deno- 
Y 5 — 2v2—1 1 
minator, and there ariſes— 
"aa 
37. Again, if any Root was to be ex- 


trated from V3993 + V 17578125, di- 
vgs its Parts by their common Diviſor, 


V3, and it becomes 11 + 125 ; whence 


the Quantity propos'd is equivalent to * 3 
into 11 + 125, whoſe Root is found by 


extracting (eparately the Roots of both 


the FaQtors V3 & 11 +yV 125. 


M Box 
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COMM E N x. 


- This Method is eaſier in Practice than thoſe 
we find in other Autors. and more unixerſal 
than what Francs Van Schooten has given, for ex- 
tracting the Roots of Binomials, and which he 
has demonſtrated as to the Cube Root, in his 
Commentary on Des Cartes's Geometry. 

But this Method of Sir Iſaac Newton's needs 
another Demonftration, ſince Schoote's can only 
be applied to one part of it. 


Linka P 


38. If the Binomial a I b is rais'd to any Power 
whoſe Index is e, and if the Terms 1. this Peer 
alternately talen, as the 1, 3% 5. 5, &c. are 
_ callefted into one Sum, and 2 the whole peer divi- 
ded into two Parts, the D ference of of the Squares 


the Parts will be 450. 
This will be manifeſt by the Analogy of the 


Operations, and it would therefore be unne- 


ceſſary to detain you with ſeeking a long univer- 
{al Demonſtration. 


The Square of the Root 4 + bis 
4 240 III, 


and the Parts are 
„„ aa ＋ bb 
* 2 ab 


The Difference of their Squares is the Square 
of the Root aa — bb. 


The Parts of the Cube of a + bare 
a* + 3abb 
＋ 34 :] + þ3 


The 
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The Difference of their Squares is the Cube of 
the Root aa — bb. 8 
This will appear by performing the Opera- 
tions, and he that will continue them to the 
higher Powers, will eaſily perceive that the 
Propoſition muſt neceſſarily hold good in all. 


LE. 


39. If a an b are two Numbers, of which a is 
the gr: ateſt, and the Binomial ya ＋ Vb is ;aiſed 
to the Power c, and this is an odd Number ; this 
Power will be a Binomial, one of whoſe Members is 
multiblied by ya and the other by Vb; and theſe tuo 
Memlers will be the Parts mentioned in Lem. 1. 
of which that is the greateſt which is multiplied by 
oy HG e 

As c is an odd Number, c 1 is even, and 
may be divided into two Parts: I put therefore 
20 =(=—1, 

Now if we raiſe the Binomial given to any 
Power whoſe Index 1s the odd Number c, we 
ſhall ſce that theſe Terms, neglecting their Signs 
and Coeſhcients, will be | 


AY 4; 04/0, Aba; Abb, aA Ya; 
a , &C. 

And collecting into one Sum the 1, 3, 5, &c. 
Terms, we ſhall have a rational Number multi- 
plied by /a; and the Sum of the 2, 4, 6, &c. 
Terms is a rational Number multiplied by . 

And if we try this in any given Power, we 
ſhall ſee that theſe Sums conliſt of correſponding 
Terms, which only difler in this, that where 4 
is in the one, b is found in the other; whereſore 
as a is greateſt, that Term which has a in it 

2 "pen 
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when the other has “ in it, will be greateſt; that 
is, the Term multiplied by ya will exceed the 
other. 


COROLLARY. 


40. If either of the Members of the Roots, 
that is /a or /b, is rational, that Member of 
the Power which is multiplied by the rational 
part, will be alſo rational; and the rational part 
of the Member Power will exceed the other, 
if the rational Term of the Root exceeds the 
other. 


LI MMA . 


41. The ſame things ſappos d, if the Number c is an 
even Number, the Power forms a Binomial, oue of 
whoſe Members is rational, aud the other is multi- 

plied by Vab; the Members are thoſe Parts of which 
we have tr ted in Lem. 1. | 

For putting 2m c, (in which Caſe m is an In- 
teger) and neglecting the Signs and Coeffici- 
ents, the Terms are 

5 5. 7. 
a n, . 
25 4. | 6. 
au Vab, aur], a"bbyab; 


as will appear if the Operation is gone through, 
for any Power whoſe Index is an even Number. 


» 


ETC. 


2. If one of the Terms of the Root /r 
eis rational, the irrational Member of the 
Power is multiplied by the ſame irraticnal 


- aun antit y 


Univerſal Arithmetic. 165 


Quantity that multiplies the rational Root: As 
ſuppoſe a=ee the Term ya will now be ra- 
tional Se, and yab=ey/b, /b is the irrational 
Quantity that multiplies the irrational Member 
of the Power. 8 


LEM M A 4 


43. Every Power of the numeral Binomial 
Va + b has both the Members poſitive, the 
Power of the Binomial or Apotome Va — Vb has 
one Member Negative; but the Members are the 
ſame whether it is + Vb or — Ib. 

This follows from the Formation of Powers, 
as will be evident to any one that will try. 


LEMMA. 5. 


44. If the Binomial Va + Vb is raiſed to a 
Power whoſe Index is c, the Difference the Squares 


of the Members of the Power, is a—b. - 
This follows from comparing Lem. 2 & 3, 
with Lem. 1. 


LIE UM A 6. 


: c 
45. The Root whoſe Index is c, that is V, cannot 
be extracted from a Binomial, unleſs the Difference of 
the Squares of the Parts of the Binomial given has 


y of it rational. 

The Root, if it can be expreſſed, contains only 
ſquare Roots, as follows from Lem. 2 and 3. be- 
cauſe only ſuch Roots are contained in the 
Power. | 


M 3 Let 
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Let us ſuppoſe now that the Root of the Bino- 
mial may be expreſſed, and let tius be / a + y/b, 


the Difference of the Square of the Parts of the 
Binomial given will be a—b Tas) Wuich when 


175 is extacted is a—b, which is a rational Quan- 


rity : and this always happens wnen the Root 
can be expreſs 4. 


LEMMA . 


46. If two continued decreaſing Geometric Pro- 
by icns have a common middle Term, the Diffe- 
rence of the correſponding fi ſt Terms if the tuo Fro- 


greſſions will le greater than the Difference of the 
laſt Terims. 


Let the Progreſſions be 
e 
— D, B, E. 
Therefore AxC=BxB=DxE and 
A, D: E, Co 
Divid. & Al ern. 


Ab, EC:: D, C 


But as the Progreſſions decreaſe, D exceeds B, 
which is greater than C; therefore D exceeds C, 
and A—D the Difference of the two firſt, ex- 
ceeds E—C the Difference of the laſt, 


aww 8. 


: 
47. The / cannot be extrafted if c is an even 


Number, unleſs tie greateſt Member of the given 
Binomial is rational. 
If 
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c 
If / can be extracted, the Square Root can 
be extracted from the given Bincmial ; for it is 


C 


y raiſed to the Power 4c, which Index is an in- 

teger Number, as c 1s an even Number. Let the 

Square Root of this given Binomial be a+8, 

whoſe Square aa + 2ab + bb is the Binomial pro- 
os'd. 

Now the Root a+5, contains only ſquare 
Roots (39, 41); wherefore aa + bb is the rational 
Member of the given Binomial, and 24 the ir- 
rational Member. 

We muſt demonſtrate therefore az -{- bb, al- 
ways exceeds 2 ab, for then it will be certain that 
the Root cannot be extracted but when the ra- 
tional Member is greateſt. 

a and b are not equal, for if they were, he 
Quantity propos'd would be a ſingle rational 
Quantity, or o 

Let us ſuppoſe therefore a and b unequal, it 
is clear that aa, ab:: ab, bb; therefore aa -+ bb 
exceeds 2 ab by Prop. 25. lib. Eucl. 


DEMONSTRATION OF THE AUTHORS 
Mt THOD. 


48. The given Binomial is AB; u and Q 
are „ ſo that AAQ—BBQ=-. 
Our Author does not ſeek the Root of the 


| Binomial given, but of AyQ+ BY and when 


he has found this, he divides it by 7 ar * 


that is by o Q, that he may have the Root of 
the Binomial given A+B. 


'M 4 By 
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By this Preparation the Binomial acquires thoſe 
Conditicns, without which the Root cannot be 
expreſſed (45). Now ne is the difference of the 0 1 
Squares of the Members, Ay Qand B/ Q, from 


which if you extract i we mult have a rational 
Number 7. 

Let us ſuppoſe x y/y on Ve, to be the Root 
of the Binomial requir'd AON B/ Q, and xyy 
to be the greater part. As we do not here con- 
ſider Fractions, of which the Author treats ſepa- 
rately, x,), X, will be integer Numbers; for as 
there are no Fractions in the Power given, there 
will be none in the Root. 

The diflerence of the Squares of the Members 
of the Binomial &) TV, rais'd to the Power c 
that is, the che Difference > of the Squares A Qand 


BYQ is >xj—: . (44), therefore 
* —8 — AAQ— BBQ = = 7 | 
And 


XXy — X n. 
From this Equation we deduce this decreaſing 
Proportion. 


YT, Vn, & V. 


This — is alſo a Kea Proportion 
— „5 n, N | | 


For we can 1 chat 7 exceeds . In 
the firſt Proportion the difference betwixt the 
firſt and third Term is 2 /, that is, not leſs 
than two. As the Proportion increaſes, the Diſ- 
ference betwixt the firſt and ſecond Jerm ex- 
ceeds half the difiererce betwixt the firſt and 
third; that is, &) ＋ 2, and y # differ by more 
than Unity: but 7 does not differ — frem xy3+yz, 
 becaule it is expreſled in the neareſt integer Num- 


ber 
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ber (32. 43-) ; therefore 7 differs leſs than yn, 
from a Quantity that is greater than it, conſe- 
quently 7 neceſſarily exceeds y/ 7. 


The difterence between and the Root * 
＋ de, as we have ſeen, is leſs than +, the dif. 


ference then betwixt x4/ y — V and 2 « (46) is 


leſs than +. 
Now in the two Proportions that we have con- 


ſider'd, if x /) ＋ x exceeds r, then =is grea- 
ter than x- z. If therefore we collect into 
one Sum xYY VT, XVY—- &; and alſo 
7, = the difference of thoſe Sums 2x y/ y, r += 
will be alſo leſs than +. In this caſe alſo the dif- 
ference will be diminiſhed, becauſe one will cor- 
rect the other. 


Therefore the Difference betwixt 7 + = and 


2 
xy y, the greateſt Member of the Root, is leſs 
than Foo 


This preſuppoſed, there are ſour Caſes to be 
examined; for Ay Q 1s either rational or ſurd, 
and c in each Cale may be either even or odd. 

49. CAS EI. Let AyQ be rational, and c 
odd. 

In this Cafe x /) the greater part of the Root 
is rational (40), ic is therefore an integer Number; 
for as we have f id before, we i-ave nothing to do 


#l 


here with Fractions, therefc re - + is it ſelf the 


2 


greateſt Member of he Row, fur an Integer cannot 
diffe- by bels nan U. ity ; bur this difters by leſs 
than , nem tue greateſt Vlember. 


In 
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In this Caſe too 5=1 „ and therefore r + - — 


" | | 1 0 
r7 TY =t =ts, and the greateſt Member is 


truly diſcovered by the Author's Rule. 

50. CASE 2. If AyQ is irrational, and c an 
odd Number. N 

Now xy is a ſurd Number, and the Quan- 
tity Ax Q. reduced to its leaſt Terms, will have 
tlie fame Radical with x /) (39). Our Author 
ſeeks this Radical, and calls it 5, therefore 5=y/y, 


We have ſeen that the difference betwixt 7 + = 
and * 7 y is not 2, they will differ leſs | 40 they 
are each divided by s or Y, therefore * +5 and 


25 


x differ leſs than „; and conſequently x is the 


neareſt integer Number tor + 7 that is tx. 


But 5s = yy, therefore ts Xx V, and the firſt 
Member of the Root is juſtly determined. 
$51. CAs E 3. If A/ Qis rational, and c an 
odd Number. ; 

In this Caſe, not as in Caſe 1. it is certain that 
xy y may be rational (41) ; therefore this 3* 
Caſe may be ſubdivided into two. 

When x) is rational, the Demonſtration of 
Caſe 1. takes place, and the greateſt part of the 
Root is diſcover'd. „ 

But if x V/) is a ſurd Quantity, this Method does 
not diſcover the true Root; for becauſe AV Q is 
rational s = 1 always, and not to /), as it cught 
to be; as we have demonſtrated in Caſe the ſe- 
cond. See the 2" and 3* Cor. following. 


C 2s 


Univerſal Arithmetic: 177 
5 2. CASE 4 When A Qs irrational, and 

c an even Number. - 
The Root ſought cannot be extracted, in this 
Caſe (47) ; and it would be to no purpoſe to ap- 
ply our Author's Rule, or any other to ſuch a 


Quantity. 


53. Now having found x V/), the greateſt Mem- 


ber of the Root = te, we muſt demonſtrate / X 


Sit — n, that is, 2. tts — u. 
We have 


XyYy ts. 
XXY tts. 


But as we have ſeen above 
Xxx) — X D u. 


Therefore ſubſtracting the laſt Equation from 


„„ 


* — xxy + 2 =YZ = tt5s5 —7, 
Which was to be demonſtrated. 

It is evident, that the Members of the Root 
are to be join'd with the ſame Sign that the 
Members of the Quantity propos'd are join'd 
with (43). 

The Author ſays, the Root thus diſcover'd muſt 
be tried, becauſe the Demonſtration ſuppoles, 
that the Root can be expreſſed by xy TV, and 
does ofily take place when the Root can be ex- 
tracted ; bur it does not in the leaſt follow from 
the Demonſtration, that it is always poſſible. 

We have deduc'd the following Corcllaries 
from what has been already demonſtrated, in 


order the more fully to illuſtrate our Author's 
Method. 


Co- 
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COROLLARY 1. 


54. When c is an odd Number, this Method al- 
way, [covers ile irue Root, if it can be extracted, 


(49, 5 0). 
(CCROLLAKY:E; 


s5. When c i. on en Number, and the Root can 
be « ected, you will then diſcover the true Root, if 
ether ile Members are rational. 


This follows ſrem what has been already de- 
monſtrated, if the greateſt Member of the Root 
is rational (5 1); but if this Member is irrational, 
the Root may be diſc-ier'd by making uſe of 
BY Q. irſfteadof A/ Q, to find 5. The Reaſon 
of this will be evident, if you apply what has 
been demonſtrated to theſe Caſes ; for it is certain 
that even here =y/ y (42). . 

| Whenrce we deduce this Obſervation: As we 
cann« t ſee before we begin the Operation, whether 
the greateſt or leaſt Member cf the Root is ra- 
ional; if the Root diſcovered by the Author, 

hich has the greateſt Member rational, is not 
the true one, we muſt ſeek another, in which the 
greateſt Member may be irracional. 


Color AAV z. 


56. F neither of the tuo Roots mentioned iz the 
laſt Corullary is the true one, we muſt not from thence 
conclude that the Root cana.t be extracted. 
For it both Members ef the Root ſhould be 

Irrational, yet Ay Q will be rational (47), and 
s=1 (49) by our Author's Method. If accor- 
ding to tne Obſervatica in the laſt Corollary, oy 

make 
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make uſe of B/ Q, then it will be = x (41); 
and we cannot deny but in this caſe our Author's 
Method fails; but this Defect will not much 
diminiſh its Uſe, if as Van Schooten has taught, in 
his Method, we firſt extract the SquareRoot, of the 
Quantity by the uſual Method; and by that means 
reduce the Problem to the Extraction of a Root, 
whoſe Index is an odd Number. 


COKkOLLAKRT: 4 


57. When the Index of the Root is an even Num- 
ber, and the greateſt Member of the Binomial propo,'d 
is irrational, the Root cannot be expreſſed; and it 


would be in vain to ſeek it, as we have already 
obſerv'd (52). 


E TN I 
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METHOD 


(FF: 


Determining the Fo RM 
OF AN 


Aſſum d Infinite Series. 


( 177 ) 


PREFACE. 


77 E N a Quantity is ſought, that 
cannot be exattly expreſſed, its/Value 
is to be inveſtigated by Approximation; 
and this Value, as to Practice, may be 
taken for the true Value. OR: 
No Mathematician can be ignorant of 
the Uſe of Infinite Series in theſes Ap- 
proximations. | 
Fog the various Methods by which 
the Value of any Quantity, in any given 
Bquationgnay be expreſſed,by a converging 
Series; that is deſernedly preferred in 
many occaſions where an indetermin'd 
Series is aſſum d, which is put equal to 
tbe Quantity propos d; and then as many 
erms of it are determin'd, as fhall be 
thought proper. . 
any things relating to theſe Solu- 
tions are to be met ur» is . 
1 


1713 The PREFACE: 


Authors; but they 'cem to be very little 
ſollicitous about explaining the Method 
itſelf. Thoſe who propoſe to explain it 
by I:xanjics, ſuppoſe that known, in 
ewhich the whole difficulty of the Solu- 
tion wnſtfs. 25 
As for Fxample; let y be to be deter- 
mined from x known in any given Equa- 
ion. ” . 
They expreſs the Value of y by an aſ- 
fum'd indetcrmin'd Series, putting 
y=Ax"+ Bx**4. Cx" Dx" +, c. 


Then they explain how the Co-efficients 
A, B, C, D, Gc. are to be determin'd, in 
ewhich indecd there is 10 difficulty. And 
Falues are placed for n and r, as if they 
were determiud with the greateſt aſe, 
eben indecd all the difficulty is in diſ- 
ccocring theſe. 

Reyneau has obſerwd many Things re- 
{ating to theſe Numbers, Anal. demontree 
Art. 246. but does not in the leaſt ex- 
plain by what means they are to be de- 
termini d. 

Sir Iſaac Newton, 70 whom Mathemas- 
mics are ſo much indebted, has demon- 
ſtrated the Determination the Num- 
ber n, if we here apply what he has 
faid of the inveſtigating the firſt Term 
in his Explication of another method of 
dnfinite Series. 


: "my 
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Mr. Taylor, i his Po, de Methodo 
Incrementorum, Prop. 9. has treated of 
the Inveſtigation of the Niiinber r. But 
Mr. Sterling has cbjero'd, de Lineis ter— 
tii Ordinis Newton. pag. 28. that the 
Rule he there lays down, does ſometimes 
tail; on which occaſion he himſclf gives 
another, which, he confeſſes, he found by 
chance, and had {ought its Demonſtration. 
in vain, wherefore he could not allert it 
was always true. FE 

Ilhat made him doubt it, I caunot (ce; 
but tho Tam fully perſuaded that it will 
never fail, yet I cannot believe it abſo— 
lutely compleat, and will new fhew where- 
in TI take it to be imperteet. 

The Computation may proceed when n 
is diſcover 'd, tho) the Form of the aſſum'd 
Series ſhould net be the {ame with the 
Form of the Scries ſonght, provided there 
is ſome Diviſor of r made wiſe of inſtead 
of r; that is, we ſhall aways hace the 
ſame Series at laſt, it the afſum'd Series 
ts contain'd in the true Series. 

Example, let n Sz, and r = 4, the 
Form of the Serics is 

= A +Bx C + Dx Ge. 
Which Series being afſſum'd, we may 
go on with our Computation, but theſe 
alſo may be made uſe of 

y ax + bx'+ ox + dx? + ex +, &c. 

y = ax* + bx* + ox + dx hex |, &c. 

N 2 Lach 
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Each of which contains the firſt : if 
10w we proceed with our Computation, 
according to the given Equation, we 
ſhall find in the ſecond Series. | 


a A, b o, =, d o, et, &c. 
In the third we ſhall have 
a=A,b=0, c o, do, e=B, &c. 


So that in theſe three Subſtitutions we 
come at laſt to the ſame Series which bas 
the Form of the firſt of the three. 

ByMr.Sterling's Rule, we very often come 
not at the true Form, but at a Series that 
contains the true Form ; ſo that there ig 
ſome ſuperfluous labour to find the true 
one, which in fome meaſure may be a- 
woided, by ſeeking the true Firm from one 
that contains it, before we begin the Coms- 
putation, which how to do, we would give 
a particular Rule, if it was mot leſs 
labour in Pratlice, to ſeeh directly th 
true Form of the Series ſought. 
As to Mr. Taylor's Method, it mul? 

be obſero*d, that Sterling himſelf, makes 

tle of it, only corretting it in thoſe places 
where be thinks it fails; where we may 
_ remark, that this Correftion is not al- 

ways neceflary when it is made uſe of. 

Nut notwithſtanding Mr. Taylor's Me- 
thod, corrected by Sterling, is ſufficient 
1% ail caſes; TI telieve it would not be 

| u7* 
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unacceptable to Beginners, to be ſhewn a 
May by which they may avoid much 
trouble; for our Rule gives the true 
Value of r, by which means the afſſumd 
Series, immediately acquires the Form 
of the Series ſoueht. But that this may 
be the more uſeful, T will firſt ſet down 
the Determination of the Letter n, ac- 
cording to Sir Iſaac Newton's Method, 
which Mr. Taylor explains in the fore- 
mentioned gth Propaſition; and Mr. 
Sterling i72 Prop. 2. of his Tratt, where 
they apply it to afum'd indetermin'd 
Series. V 
Iall not treat of determining the Co- 
eficients A, B, C, D, &c. becauſe this 
is done by a well-known Method made 
uſe of in many other occaſions. 
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PROPYOS(TION I. 
The Inveſtigation of the Index of the firſt Term 


of the Series. 


Et there be given an Equation, in which y 
is ſought, and its Value is to be expreſſed 
by the Powers of x. 
1. Put y equal to an Aſſum'd Infinite Inde- 
termin'd Series, 
| BN CIT Dutt Ex 
Cc. 

The Number u, is to be determin'd. 

2. Let there be form' a Parallelogram, re- 
preſented in TAB. IV. and mark its Angles, as 
you there ſee; the Method of continuing it, or 
making it larger, is plain. 

3. In the Equation propos d, ſubſtitute + for 
y, and if there are Fluxions, for the tirſt Fluxion 
of y, put =, for the ſecond X; and fo of 
the reſt. EP 

4. Mark in the Parallelogram all the Angles 
that cbntain Indices cf the Powers of x, in the 
given Equation 5 

If it conta s tractional Indices, the Points to 
be mark'd nay be diſcover'd; u»+; muſt be 
mark'd in the middle, betwixt n ard # +1, and 
n, is plac'd in the middle betwixt z and 2n. 

= 5. Draw 


5 — 
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5. Draw a Line in the Parallelogram, that 
may paſs through two or three of thoſe Points 
that are mark'd, in ſuch a manner, that all the 
other Points that are mark'd, may fall on the 
ſame fide of that Line; but you muſt obſerve, 
that this Line muſt not be drawn directly up 
and down, as AB or CD, c. 

6. Make all the Indices, through which the 
Line paſſes, equal amongſt themſelves, and n will 
by that means be determin'd. 


EXAMPLE. 

7. Let the Equation given be 
8397 ae x3 51 = 47 = ad x2 . | 
For) ſubſtitute x" (39), and the Indices are 


7n+3, 6r—1, 4n+3, 4u Ca, 22 EI, 2. 
Theſe being mark'd in the Parailelogram, the 


Line may be drawn four ways (50 27 


1. Thro' 2, 2u+1, 6n— 1, &n= . (6). 
2. Thro' 6n — 1, 71 3, & n=—4. (6). 
3. Thro 7u +3, 4 ＋ 3, &n=o. (6). 
4+ Thro 4 * + 35 2z & u = —;(6). 


8. If inſtead of n, in each Index, its Value 
is ſubſtituted, each of thoſe, through which the 


Line paſſes, which are equal to each other, will 


form an Index, either the ge eſt of all, as in 


the two firſt Caſes; or the leaſt of all, as in the 


two laſt. | . | 
9. When this Index is the greateſt of all, all 


the Points mark'd in the Parallelogram, are found 


below the Line that is drawn, and the Series 
converges ſo much the faſter, as x is greater. 


10. 
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10. The contrary holds, when the Index is 
the leaſt of all. 8 


PROPHOSITIO IE. 


The Determination of the Difference of the Indexes 
of two Terms, immediately following each other, in 
the aſſum' d Series. 3 

11. In the aſſum'd Series abovementioned (1). 


| JE=AxX+Bx"++Cx* ti D &c. 


7 here repreſents the Difference that this Pro- 
. - politzon is to determine 

12. Seek »by the precedent Propoſition, and 
then in the Indexes of the Powers of after the 
Subſtitution mentioned in n 3, inſtead of x put 
its Value. . 5 
1z3. Thoſe Indexes that are touch'd in the 
Parallelogram, and which are equal to each other 
(5 ),are to be taken for one: Subſtract this from 
all the reſt, if it's leſs; or if it's greater, ſubſtract 
them from it; you will form a Series which 
we call, a Series of Differences. 1 

14. Seek the greateſt common Diviſor of theſe 

Differences. 5 

15. By this divide the leaſt of thoſe Differences, 
and retain the Quotient. 
16. Seek the Value of A, which when » is 
given, may always be done; and note the Num- 


ber of equal Values, if there are not various e- 


qual Values, Unity will repreſent their Num- 
. 9 . 
If A has various different Values, let that de- 
termine the Number of equal Values, which is 
made uſe of in the Computation. Example, if à, a, 
a, b, b, c, are ſix Values of A, the number of equal 
Values will bez, if we make uſe of a; 2, if we 
make uſe of b; and 1, if we make uſe of c. 
17. 
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17. Seek the leaſt Number that can be ex- 
actly divided by the Number of equal Values of 
A, and the Quotient mentioned in n. 15. 

18. Now divide the leaſt in the Series of Dif- 
ferences (13) by this Number, and the Quotient 
will be the Number fought, that is r, which will 
be negative if the Series converges the faſter, 
as xs greater (9), and Affirmative in the other 
caſe mentioned in n 10. „„ 

19. Mr. Taylor ſeeks the greateſt common Di- 
viſor of the Indexes; and this Kerliug divides 
by the Number of equal Values of A. 

This our Rule, may appear perhaps more 
complex; it will nevertheleſs diminiſh the 
trouble, and that it may be better comprehend- 
ed, we will illuſtrate it with Examples. 


ENAMPII I. 
Let the given Equation be 
* - 4) x*+63x%*=43* xxÞ+}* x +10x*—63* =0 
Let) be ſought in a Series converging faſter 
as x is greater. 
I put ; 
J=AxX +BY TCT ED &c. 
I ſubſtitute ** in the Equation, inſtead of y 
(3.) and the Indexes are 5, 2h 4, n + 3, 4n+2, 
22 ＋ 1, „ 2 n, and finding # = 2, they are 
changed into theſe (12). 
„ Fo $3 Jo 9a wn © 
And 5 is the greateſt Index the Line touches, 
| becauſe we here want the greateſt (9). 
Il ſubſtract the other Indexes from 5, and I 
have a Series of Differences (13). 
4, 72 4+ | 
Tube greateſt common Diviſor of theſe is * 
14) By 


186 New Method of Determining 


By this I divide 4, the leaſt of the Differences 
(r«.) and the dh is 6. 

I ſeek A (16), and find it bas four Values. 

I ſeek the leaſt Number that can be exactly 
divided by 6, and 4 (17.) which is 12. 


By ths I divide 4. tne leaſt of the Differences 


and the Quorient is, and r=—" (18), 
The Form cf the Series is therefore, 


1=Ax*+Bx +Cx'+Dx+Ex'+Fx * +G 
+ Hx* &c. 
ExaureLte II. 


K 7 


9 
—+ xy} 2K + XJ Fir =0 


Let y be ſought in a Series converging faſter 


as x decreaſes. 

The allum'd Series is 
J= Ax" + BX + Cx*+*+ Dart L ge. 
| Inſtead of y in the Equation, I write x", (3.) 
and the Indexes of x are, 

gn, zu+1, 2n+ 2, n +3, 14. 

Now in the Parallelogram, we find by Prop.]. 

a=1, and the Indexes are (12). 


9, 4, 4, 4, 14. 
The Series of Differences (13), is, 


5, 10. 
And 5 their greateſt common Diviſor, (14). 
By which dividing the leaſt Difference, the 
Quotient is 1, (15). SS 
A has two equal Values (16) ; and 2 is the 
leaſt Number that can be exactly divided by this 
and by the Quotient 1. (17). 
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1 divide therefore 5 by 2, and r=2 - (18). 
'Then the Form of the Series is, 
Ax + Bx** + Cx + Dx** + &c. 
And the Series it ſelf, is 


=> 


gx x 4X 22 
7 i 4 

| 5 af 1 1 
43 
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